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Abstract
The mathematical classification of complex bursting oscillations in multiscale excitable sys-
tems, seen for example in physics and neuroscience, has been the subject of active enquiry
since the early 1980s and is still ongoing. This classification problem is fundamental as it also
establishes analytical and numerical foundations for studying complex temporal behaviours in
multiple timescale models. This manuscript begins by reviewing the seminal works of Rinzel [43]
and Izhikevich [27] in classifying bursting patterns of excitable cell models. Moreover, we recall
an alternative, yet complementary, mathematical classification approach by Golubitsky, which
together with the Rinzel-Izhikevich proposals provide the state-of-the-art foundations to the
classification problem. Unexpectedly, while keeping within the Rinzel-Izhikevich framework, we
find novel cases of bursting mechanisms, which were not considered before. Moving beyond the
state-of-the-art, we identify novel bursting mechanisms that fall outside the Rinzel, Izhikevich
and Golubitsky classification system. This leads us towards a new classification, which requires
the analysis of both the fast and the slow subsystems of an underlying slow-fast model. This
new classification allows the dynamical dissection of a larger class of bursters. To substantiate
this, we add a new class of bursters with at least two slow variables, which we denote folded-
node bursters, to convey the idea that the bursts are initiated or annihilated via a folded-node
singularity. In fact, there are two main families of folded-node bursters, depending upon the
phase of the bursting cycle during which folded-node dynamics occurs. If it occurs during the
silent phase, we obtain the classical folded-node bursting (or simply folded-node bursting). If it
occurs during the active phase, we have cyclic folded-node bursting. We classify both families
and give examples of minimal systems displaying these novel types of bursting behaviour.
1 Introduction
The fascination of experimentalists, physicists and mathematicians towards spontaneous and com-
plex oscillations dates back to the early nineteenth century, particularly through observations of
electro-chemical systems [25]. Indeed, how can seemingly “inert sub-components” assemble into
“life”, in what is currently understood (in biophysics) as open multi-scale (far from equilibrium)
systems with dissipative structures. Van der pol was among the first scientists to exhibit equa-
tions with multiple timescales and a dissipative structure, which display oscillations akin to those
observed in electro-chemical systems and that indeed could not be explained by previous mathe-
matical theories [1, 53, 54]. Despite remarkable advances, it is only relatively recently (since the
1980s) that a deeper understanding of nonlinear multi-scale complex oscillations was made possible
due to the development of a coherent mathematical theories and classification system. The present
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manuscript follows up on our recent work on multi-scale systems [10, 11], further builds upon sev-
eral seminal works and finally proposes an extended classification framework, which we envisage
will guide future developments of analytical, numerical and modelling work on multi-scale systems.
To contain the complexity of mathematical characterisation of multi-scale systems, the present
manuscript will solely focus on the dynamics emerging from the interplay between the timescales
of a system modelled by a slow-fast ODE (Ordinary Differential Equations). While this approach
circumvents the wider unresolved mathematical barriers in generally describing multi-scale systems
across spatial-temporal scales (e.g. via partial differential equations), it will significantly enable
us to obtain a deeper insight on emergent timescale-induced dynamics. This will later inform
these other multi-scale approaches. Moreover, despite the relative simplicity of slow-fast ODEs,
the associated theory is still in development. The present manuscript aims to contribute to it, even
in a small way. More importantly, slow-fast ODEs have already enabled remarkable predictions
of complex oscillations, hence their relevance. Specifically, these slow-fast ODEs are written in a
singularly perturbed ODE form as follows:
εx˙ = f(x, y)
y˙ = g(x, y),
(1)
where (x, y) ∈ Rn×Rm, f and g are smooth functions, the dot denotes differentiation with respect
to the slow time t and 0<ε1 is a small time constant that explicitly distinguishes the different
timescales between the variables x and y. Here x are the fast processes and y the slow ones. Indeed,
this modelling approach captures many complex phenomena (e.g. biological, physical, chemical)
where the timing and ordering of its underlying processes ensures correct functions. For example,
in enzyme kinetics the binding of the substrate to the active site on the enzyme occurs within a few
nano-seconds, while enzymatic reactions last up to a few seconds. This mix of various timescales
appears to give rise to sudden, often surprising, jumps in the state of biological systems and, in
general, to complex oscillations. An alternative way of writing equation (1) is to note that, as long
as ε 6= 0, one can obtain an equivalent system by rescaling time to the fast time τ = t/ε, which
gives the form
x′ = f(x, y)
y′ = εg(x, y),
(2)
where the prime denotes differentiation with respect to τ . A priori, these equivalences do not reveal
any new information since we observe the same system but with a different “magnifying glass” (i.e.
a different scaling). However, although the systems (1) and (2), remain equivalent for every ε>0,
they have different set of mathematical equations in the (singular) limit ε = 0 (detailed below).
This highlights the fact that these systems are singularly and not regularly perturbed. Resolving
these singular limits and reconciling these dual mathematical equations has been the basis of sev-
eral mathematical and numerical developments within, e.g., Catastrophe theory, Singularity theory,
Bifurcation theory, Geometrical Singular perturbation theory (Fenichel theory), geometric desingu-
larization or blow-up method. In short, these two different limits give rise to the so-called slow
subsystem and fast subsystem, respectively. The slow subsystem is a differential-algebraic problem,
where the slow variables remain explicitly dynamic through the differential equation y˙ = g(x, y),
while the fast variables are enslaved to the slow ones through the algebraic equation f(x, y) = 0.
On the other hand, the fast subsystem is a family of dynamical systems on the fast variables x,
where the slow variables y have lost their dynamics and have become parameters. The set {f = 0}
is referred to as the critical manifold of the system, and it plays a central role in both subsystems.
Specifically, it is the phase space of the slow subsystem and it is the set of equilibria of the fast
subsystem. Hence the locus of the limiting slow motion corresponds to a subset of the bifurcation
diagram of the fast subsystem obtained when varying one or more slow variables. Moreover, vary-
ing other system parameters can induce the limiting slow motion to have non trivial trajectories,
such as canard solutions that emerge via dynamic bifurcations and that visit both the stable and
2
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Figure 1: Example of electrophysiological recordings of bursting oscillations in four types of neurons:
(a) parabolic-type bursting from the CeN neuron from the melibe (a sea slug) citenewcomb08; (b)
square-wave-type bursting from a human β-cell [45]; (c) elliptic-type bursting from a dorsal-root-
ganglia (DRG) neuron of a rat [30]; (d) Pseudo-plateau-type bursting from a pituitary cell of a
rat [51].
unstable regions of the critical manifold (see e.g. [10] for details). The knowledge of this dissection
between the slow and fast subsystems, together with the knowledge of how the trajectory of the
full system (i.e. for small ε>0) evolves along these subsystems is at the basis of the various classifi-
cation systems for complex slow-fast oscillations that we will subsequently review. Specifically, we
will focus on the state-of-the-art mathematical classification systems for bursting dynamics, their
limitations and finally propose a novel classification framework. Our novel classification fundamen-
tally relies upon a certain type of canard configuration, referred to as folded node. Noteworthy,
canards are indirectly included in the previous classification frameworks as boundaries between the
spiking and the bursting regimes via so-called spike-adding transitions or torus canards, which we
will review, thus highlighting the importance of canards in the classification process. We will define
the notion of bursting oscillations in the context of neuronal systems (see examples in Figure 1)
since for historical reasons the notion of bursting emerged within the neuroscientific literature. In
particular, bursting models appeared in the context of classical single neuron electrophysiological
measurements, where the neuron’s voltage time-series displays a bursting oscillation either in re-
sponse to a brief input stimulus or, in absence of any stimuli, in an endogenous manner. These
oscillations are defined as having a periodic succession (sometimes irregular) of two distinct epochs
of activity. One epoch features slow and low-amplitude activity, and it is typically referred to as
the quiescent (or silent) phase. The other epoch features fast and high-amplitude activations (i.e.
several action potentials or spikes) is classically denoted active or burst phase as shown by several
examples in Figure 1. Although a great deal of our discussions will be in the context of neuronal
dynamics, the mathematical framework intends to capture complex slow-fast oscillations beyond
the scope of neuroscientific applications (e.g. in chemical reactions, genetic switches, material tran-
sitions, etc.). Hence some of the mathematical model constructs that we will present here display
bursting oscillations not necessarily observed in neural data. Indeed, our idealized models will
not have direct biophysical interpretation as we aim to be as general as possible in describing the
fundamental mathematical mechanisms, which can then be applied to explain complex bursting
oscillations in multiple contexts. Moreover, we will focus on the minimal deterministic mathemat-
ical setting for bursting oscillations. Specifically, we will cover the case of two-timescale systems
with explicit timescale separation (dictated by a single small parameter 0<ε 1), with two fast
3
Ca
<latexit sha1 _base64="EqiiieEJe5Z0Mlh/C IcS30oDhU8=">AAAB6XicbVBN S8NAEJ3Ur1q/qh69LFbBU0mqo MdCLx6r2A9oQ9lsN+3SzSbsToQ S/AdePCji1X/kzX/jts1BWx8M PN6bYWZekEhh0HW/ncLa+sbmVn G7tLO7t39QPjxqmzjVjLdYLGP dDajhUijeQoGSdxPNaRRI3gkmj ZnfeeTaiFg94DThfkRHSoSCUb TSfYMOyhW36s5BVomXkwrkaA7 KX/1hzNKIK2SSGtPz3AT9jGoUT PKnUj81PKFsQke8Z6miETd+Nr /0iZxbZUjCWNtSSObq74mMRsZM o8B2RhTHZtmbif95vRTDGz8TK kmRK7ZYFKaSYExmb5Oh0JyhnFp CmRb2VsLGVFOGNpySDcFbfnmV tGtV77Jau7uq1M/yOIpwAqdwA R5cQx1uoQktYBDCM7zCmzNxXpx 352PRWnDymWP4A+fzB0ZnjRg= </latexit>
x
<latexit sha1_base64="/R13 JWG8ywa/vxuo2Q87+LiadNs=">AAAB6HicbVDLTgJBEOzFF+IL9 ehlIpp4IrtookcSLx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWT vPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8f CoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3Z pygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmq dcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFulT8JY2ZK GzNXfExMaaT2OAtsZUTPUy95M/M/rpCa88SdcJqlByRaLwlQQE5 PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1mu1K9K1 bMsjjycwClcgAfXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/ 4Hz+AN6BjOI=</latexit>
V
S0
<latexit sha1_base64="/Dni 2WOrTHXlbWEsbIGQiiQmLBs=">AAAB6nicbVDLTgJBEOzFF+IL9 ehlIpp4IrtookcSLx4xyCOBlcwOvTBhdnYzM2tCCJ/gxYPGePWL vPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8f CoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJYPZ pygH9GB5CFn1FipXn90e8WSW3bnIKvEy0gJMtR6xa9uP2ZphNIw QbXueG5i/AlVhjOB00I31ZhQNqID7FgqaYTan8xPnZJzq/RJGCt b0pC5+ntiQiOtx1FgOyNqhnrZm4n/eZ3UhDf+hMskNSjZYlGYCm JiMvub9LlCZsTYEsoUt7cSNqSKMmPTKdgQvOWXV0mzUvYuy5X7q 1L1LIsjDydwChfgwTVU4Q5q0AAGA3iGV3hzhPPivDsfi9ack80c wx84nz/Igo1f</latexit>
F
<latexit sha1 _base64="aaKcqXFi16ZITX6rC mLqPK2l9BY=">AAAB8nicbVDL SgMxFL1TX7W+qi7dBKvgqsxUQ ZcFQVxWsA+YDiWTZtrQTDIkGaE M/Qw3LhRx69e482/MtLPQ1gOB wzn3knNPmHCmjet+O6W19Y3Nrf J2ZWd3b/+genjU0TJVhLaJ5FL 1QqwpZ4K2DTOc9hJFcRxy2g0nt 7nffaJKMykezTShQYxHgkWMYG Mlvx9jMyaYZ3ezQbXm1t050Cr xClKDAq1B9as/lCSNqTCEY619z 01MkGFlGOF0VumnmiaYTPCI+p YKHFMdZPPIM3RulSGKpLJPGDRX f29kONZ6God2Mo+ol71c/M/zU xPdBBkTSWqoIIuPopQjI1F+Pxo yRYnhU0swUcxmRWSMFSbGtlSx JXjLJ6+STqPuXdYbD1e15llRR xlO4BQuwINraMI9tKANBCQ8wyu 8OcZ5cd6dj8VoySl2juEPnM8f cC+RQg==</latexit>
@10
<latexit sha1 _base64="6SoMkuqui8uJp8q2A GnQ6gFkZwU=">AAAB7HicbVBN T8JAEJ3iF+IX6tHLRjDxImnrQ Y8kXjxiYoEEGrJdtrBhd9vsbk1 Iw2/w4kFjvPqDvPlvXKAHBV8y yct7M5mZF6WcaeO6305pY3Nre6 e8W9nbPzg8qh6ftHWSKUIDkvB EdSOsKWeSBoYZTrupolhEnHaiy d3c7zxRpVkiH800paHAI8liRr CxUnBV99z6oFpzG+4CaJ14Bal Bgdag+tUfJiQTVBrCsdY9z09Nm GNlGOF0VulnmqaYTPCI9iyVWF Ad5otjZ+jCKkMUJ8qWNGih/p7I sdB6KiLbKbAZ61VvLv7n9TIT3 4Y5k2lmqCTLRXHGkUnQ/HM0ZIo Sw6eWYKKYvRWRMVaYGJtPxYbg rb68Ttp+w7tu+A9+rVkv4ijDG ZzDJXhwA024hxYEQIDBM7zCmyO dF+fd+Vi2lpxi5hT+wPn8AQRF jWg=</latexit>
@70
<latexit sha1 _base64="eIcRD9/F7JKktMGI5 zQWwzud8mA=">AAAB7HicbVBN T8JAEJ36ifiFevSyEUy8SNp6w COJF4+YWCCBhmyXLWzY3Ta7WxP S8Bu8eNAYr/4gb/4bF+hBwZdM 8vLeTGbmRSln2rjut7OxubW9s1 vaK+8fHB4dV05O2zrJFKEBSXi iuhHWlDNJA8MMp91UUSwiTjvR5 G7ud56o0iyRj2aa0lDgkWQxI9 hYKbiuNdzaoFJ16+4CaJ14Bal Cgdag8tUfJiQTVBrCsdY9z09Nm GNlGOF0Vu5nmqaYTPCI9iyVWF Ad5otjZ+jSKkMUJ8qWNGih/p7I sdB6KiLbKbAZ61VvLv7n9TIT3 4Y5k2lmqCTLRXHGkUnQ/HM0ZIo Sw6eWYKKYvRWRMVaYGJtP2Ybg rb68Ttp+3bup+w9+tVkr4ijBO VzAFXjQgCbcQwsCIMDgGV7hzZH Oi/PufCxbN5xi5gz+wPn8AQ1p jW4=</latexit>
0.24
<latexit sha1 _base64="zJQWgx2q9duTzzyk1 TYOLTC3HBs=">AAAB63icbVBN S8NAEJ3Ur1q/qh69LFbBU0hqQ Y8FLx4r2A9oQ9lsN+3S3U3Y3Qg l9C948aCIV/+QN/+NmzYHbX0w 8Hhvhpl5YcKZNp737ZQ2Nre2d8 q7lb39g8Oj6vFJR8epIrRNYh6 rXog15UzStmGG016iKBYhp91we pf73SeqNIvlo5klNBB4LFnECD a55Ln1xrBa81xvAbRO/ILUoEB rWP0ajGKSCioN4Vjrvl9PTJBhZ RjhdF4ZpJommEzxmPYtlVhQHW SLW+fo0iojFMXKljRoof6eyLDQ eiZC2ymwmehVLxf/8/qpiW6Dj MkkNVSS5aIo5cjEKH8cjZiixPC ZJZgoZm9FZIIVJsbGU7Eh+Ksv r5NO3fWv3fpDo9a8KOIowxmcw xX4cANNuIcWtIHABJ7hFd4c4bw 4787HsrXkFDOn8AfO5w/EEI1O </latexit>
@0.075
<latexit sha1 _base64="25RO0KXeIXp39y7qf axlqdQkxK8=">AAAB73icbZDL SgMxFIbPeK31VnXpJtgKbiwzI 1KXBTcuK9gLtEPJpJk2NMmMSUY oQ1/CjQtF3Po67nwb03YW2vpD 4OM/55Bz/jDhTBvX/XbW1jc2t7 YLO8Xdvf2Dw9LRcUvHqSK0SWI eq06INeVM0qZhhtNOoigWIaftc Hw7q7efqNIslg9mktBA4KFkES PYWKtzWXGrbu260i+VLcyFVsH LoQy5Gv3SV28Qk1RQaQjHWnc9P zFBhpVhhNNpsZdqmmAyxkPatS ixoDrI5vtO0bl1BiiKlX3SoLn7 eyLDQuuJCG2nwGakl2sz879aN zXRTZAxmaSGSrL4KEo5MjGaHY8 GTFFi+MQCJorZXREZYYWJsREV bQje8smr0PKr3lXVv/fL9UoeR wFO4QwuwIMa1OEOGtAEAhye4RX enEfnxXl3Phata04+cwJ/5Hz+ AF4+jh8=</latexit>
0.04
<latexit sha1 _base64="SDYPb5uz6RJtco8XH AtV7ahowIs=">AAAB63icbVDL SgMxFL1TX7W+Rl26CVbBVZmpB V0W3LisYB/QDiWTZtrQJDMkGaE M/QU3LhRx6w+582/MtLPQ1gMh h3Pu5d57woQzbTzv2yltbG5t75 R3K3v7B4dH7vFJR8epIrRNYh6 rXog15UzStmGG016iKBYhp91we pf73SeqNIvlo5klNBB4LFnECD a55NW8xtCt2m8BtE78glShQGv ofg1GMUkFlYZwrHXfrycmyLAyj HA6rwxSTRNMpnhM+5ZKLKgOss Wuc3RplRGKYmWfNGih/u7IsNB6 JkJbKbCZ6FUvF//z+qmJboOMy SQ1VJLloCjlyMQoPxyNmKLE8Jk lmChmd0VkghUmxsZTsSH4qyev k0695l/X6g+NavOiiKMMZ3AOV +DDDTThHlrQBgITeIZXeHOE8+K 8Ox/L0pJT9JzCHzifP8EGjUw= </latexit>
0.16
<latexit sha1_base64="QgtG n/A0UXQapnpYJRXP0n0T6Yw=">AAAB63icbVBNS8NAEJ3Ur1q/q h69LFbBU0iqqMeCF48V7Ae0oWy2m3bp7ibsboQS+he8eFDEq3/I m//GTZuDtj4YeLw3w8y8MOFMG8/7dkpr6xubW+Xtys7u3v5B9f CoreNUEdoiMY9VN8SaciZpyzDDaTdRFIuQ0044ucv9zhNVmsXy0 UwTGgg8kixiBJtc8lz/elCtea43B1olfkFqUKA5qH71hzFJBZWG cKx1z68nJsiwMoxwOqv0U00TTCZ4RHuWSiyoDrL5rTN0bpUhimJ lSxo0V39PZFhoPRWh7RTYjPWyl4v/eb3URLdBxmSSGirJYlGUcm RilD+OhkxRYvjUEkwUs7ciMsYKE2PjqdgQ/OWXV0m77vqXbv3hq tY4K+IowwmcwgX4cAMNuIcmtIDAGJ7hFd4c4bw4787HorXkFDPH 8AfO5w/Fk41P</latexit>
UjV
<latexit sha1 _base64="NrYm2pT/yEzHI+T3v lp9HLyCy/Y=">AAAB63icbVA9 SwNBEJ2LXzF+JGppsxiF2IS7p NAyYGMZwXxAcoS9zV6yZHfv2N0 TwpG/YGOhiK1/yM5/415yhSY+ GHi8N8PMvCDmTBvX/XYKW9s7u3 vF/dLB4dFxuXJy2tVRogjtkIh Hqh9gTTmTtGOY4bQfK4pFwGkvm N1lfu+JKs0i+WjmMfUFnkgWMo JNJtVw83pUqbp1dwm0SbycVCF He1T5Go4jkggqDeFY64HnxsZPs TKMcLooDRNNY0xmeEIHlkosqP bT5a0LdGWVMQojZUsatFR/T6RY aD0Xge0U2Ez1upeJ/3mDxIS3f spknBgqyWpRmHBkIpQ9jsZMUWL 43BJMFLO3IjLFChNj4ynZELz1 lzdJt1H3mvXGQ6PauszjKMI5X EANPLiBFtxDGzpAYArP8ApvjnB enHfnY9VacPKZM/gD5/MH80ON aw==</latexit>
U#jV
<latexit sha1_base64="UMtq m21nd7VNmLOKbp+ZSfbwFHA=">AAAB63icbVA9SwNBEJ2LXzF+J GppsxiF2IS7pNAyYGMZwXxAcoS9zV6yZHfv2N0TwpG/YGOhiK1/ yM5/415yhSY+GHi8N8PMvCDmTBvX/XYKW9s7u3vF/dLB4dFxuX Jy2tVRogjtkIhHqh9gTTmTtGOY4bQfK4pFwGkvmN1lfu+JKs0i+ WjmMfUFnkgWMoJNJtWC5vWoUnXr7hJok3g5qUKO9qjyNRxHJBFU GsKx1gPPjY2fYmUY4XRRGiaaxpjM8IQOLJVYUO2ny1sX6MoqYxR GypY0aKn+nkix0HouAtspsJnqdS8T//MGiQlv/ZTJODFUktWiMO HIRCh7HI2ZosTwuSWYKGZvRWSKFSbGxlOyIXjrL2+SbqPuNeuNh 0a1dZnHUYRzuIAaeHADLbiHNnSAwBSe4RXeHOG8OO/Ox6q14OQz Z/AHzucP9MmNbA==</latexit>
V
t
S`#QHB+
<latexit sha1_base64="xFUN 58EodL2ydNoPAjS06clHsW0=">AAAB+3icdZDLSsNAFIYn9VbrL dalm8EquAppRXRZcOOygr1AG8pkOmmHTiZh5kRaQl7FjQtF3Poi 7nwbJ20KKvrDwM93zuGc+f1YcA2u+2mV1tY3NrfK25Wd3b39A/ uw2tFRoihr00hEqucTzQSXrA0cBOvFipHQF6zrT2/yeveBKc0je Q/zmHkhGUsecErAoKFdHQCbgR+kLaKIHwlOs6Fdc51LNxd2HXdl ClIvSA0Vag3tj8EooknIJFBBtO7X3Ri8lCjgVLCsMkg0iwmdkjH rGytJyLSXLm7P8JkhIxxEyjwJeEG/T6Qk1Hoe+qYzJDDRv2s5/K vWTyC49lIu4wSYpMtFQSIwRDgPAo+4YhTE3BhCFTe3YjoxIVAwc VVMCKuf4v9Np+HUL5zGXaPWPC3iKKNjdILOUR1doSa6RS3URhTN 0CN6Ri9WZj1Zr9bbsrVkFTNH6Ies9y+lQZS7</latexit>
V
U#kV
<latexit sha1_base64="C4F7 WaS3QwjrDRkg9BbA2e0I6ls=">AAAB63icbVBNS8NAEJ3Ur1q/q h69LFahXkoSD3osePFYwX5AG8pmu2mX7m7C7kYooX/BiwdFvPqH vPlv3LQ5aOuDgcd7M8zMCxPOtHHdb6e0sbm1vVPereztHxweVY 9POjpOFaFtEvNY9UKsKWeStg0znPYSRbEIOe2G07vc7z5RpVksH 80soYHAY8kiRrDJpXroXw2rNbfhLoDWiVeQGhRoDatfg1FMUkGl IRxr3ffcxAQZVoYRTueVQappgskUj2nfUokF1UG2uHWOLq0yQlG sbEmDFurviQwLrWcitJ0Cm4le9XLxP6+fmug2yJhMUkMlWS6KUo 5MjPLH0YgpSgyfWYKJYvZWRCZYYWJsPBUbgrf68jrp+A3vuuE/+ LXmRRFHGc7gHOrgwQ004R5a0AYCE3iGV3hzhPPivDsfy9aSU8yc wh84nz/zRI1r</latexit>
1HHBTiB+
<latexit sha1_base64="G2DM D7M3gHifdu0ABJpngTLNfsY=">AAAB+nicdZDLSgMxFIYz9Vbrb apLN8EquBqmFdFlQQSXFewF2qFk0kwbmskMyRm1jH0UNy4UceuT uPNtzLRTUNEDgZ/vPyc5+f1YcA2u+2kVlpZXVteK66WNza3tHb u829JRoihr0khEquMTzQSXrAkcBOvEipHQF6ztjy8yv33LlOaRv IFJzLyQDCUPOCVgUN8u94Ddgx+kl0LwGDid9u2K65y6WWHXcRci J9WcVFBejb790RtENAmZBCqI1t2qG4OXEmVuE2xa6iWaxYSOyZB 1jZQkZNpLZ6tP8ZEhAxxEyhwJeEa/T6Qk1HoS+qYzJDDSv70M/u V1EwjOvZTLOAEm6fyhIBEYIpzlgAdcMQpiYgShiptdMR0RRSiYt EomhMVP8f+iVXOqJ07tulapH+ZxFNE+OkDHqIrOUB1doQZqIoru 0CN6Ri/Wg/VkvVpv89aClc/soR9lvX8B9XaUWg==</latexit>
•
••
?
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?
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URV
<latexit sha1 _base64="45UN3xxi/lLOdZAR7 FlSxcczP8E=">AAAB63icbVBN S8NAEJ3Ur1q/qh69LFahXkoSD 3osePFYwX5AG8pmu2mX7m7C7kY ooX/BiwdFvPqHvPlv3LQ5aOuD gcd7M8zMCxPOtHHdb6e0sbm1vV PereztHxweVY9POjpOFaFtEvN Y9UKsKWeStg0znPYSRbEIOe2G0 7vc7z5RpVksH80soYHAY8kiRr DJpTr2robVmttwF0DrxCtIDQq 0htWvwSgmqaDSEI617ntuYoIMK 8MIp/PKINU0wWSKx7RvqcSC6i Bb3DpHl1YZoShWtqRBC/X3RIaF 1jMR2k6BzUSvern4n9dPTXQbZ EwmqaGSLBdFKUcmRvnjaMQUJYb PLMFEMXsrIhOsMDE2nooNwVt9 eZ10/IZ33fAf/FrzooijDGdwD nXw4AaacA8taAOBCTzDK7w5wnl x3p2PZWvJKWZO4Q+czx/wOY1p </latexit>
V
t
U#RV
<latexit sha1_base64="TmWd eUZdlaPhX8AIs43ShbhOk1I=">AAAB63icbVBNS8NAEJ3Ur1q/q h69LFahXkoSD3osePFYwX5AG8pmu2mX7m7C7kYooX/BiwdFvPqH vPlv3LQ5aOuDgcd7M8zMCxPOtHHdb6e0sbm1vVPereztHxweVY 9POjpOFaFtEvNY9UKsKWeStg0znPYSRbEIOe2G07vc7z5RpVksH 80soYHAY8kiRrDJpXroXQ2rNbfhLoDWiVeQGhRoDatfg1FMUkGl IRxr3ffcxAQZVoYRTueVQappgskUj2nfUokF1UG2uHWOLq0yQlG sbEmDFurviQwLrWcitJ0Cm4le9XLxP6+fmug2yJhMUkMlWS6KUo 5MjPLH0YgpSgyfWYKJYvZWRCZYYWJsPBUbgrf68jrp+A3vuuE/+ LXmRRFHGc7gHOrgwQ004R5a0AYCE3iGV3hzhPPivDsfy9aSU8yc wh84nz/xv41q</latexit>
a[m`2 qp2
<latexit sha1_base64="QK/x qxalLqN3KiJtCiuH0NmyIrc=">AAAB/XicdZDJSgNBEIZ74hbjN i43L41R8BQmEdFjwIvHiGaBJISeTk3SpGexuyYYh+CrePGgiFff w5tvYyeZgIr+0PDzVRVV/buRFBod59PKLCwuLa9kV3Nr6xubW/ b2Tk2HseJQ5aEMVcNlGqQIoIoCJTQiBcx3JdTdwcWkXh+C0iIMb nAUQdtnvUB4gjM0qGPvtRDu0PWS69uYKaB1NoRxx847hVNnIuoU nLlJSTEleZKq0rE/Wt2Qxz4EyCXTull0ImwnTKHgEsa5VqwhYnz AetA0NmA+6HYyvX5MjwzpUi9U5gVIp/T7RMJ8rUe+azp9hn39uz aBf9WaMXrn7UQEUYwQ8NkiL5YUQzqJgnaFAo5yZAzjSphbKe8zx TiawHImhPlP6f+mVioUTwqlq1K+fJjGkSX75IAckyI5I2VySSqk Sji5J4/kmbxYD9aT9Wq9zVozVjqzS37Iev8C4vGVZg==</late xit>
1
<latexit sha1 _base64="cO9LtQxoDdo6Ect+W oRnk/IlGqo=">AAAB6HicbVBN S8NAEJ3Ur1q/qh69LFbBU0mqo MeCF48t2FpoQ9lsJ+3azSbsboQ S+gu8eFDEqz/Jm//GbZuDtj4Y eLw3w8y8IBFcG9f9dgpr6xubW8 Xt0s7u3v5B+fCoreNUMWyxWMS qE1CNgktsGW4EdhKFNAoEPgTj2 5n/8IRK81jem0mCfkSHkoecUW OlptcvV9yqOwdZJV5OKpCj0S9 /9QYxSyOUhgmqdderJcbPqDKcC ZyWeqnGhLIxHWLXUkkj1H42P3 RKzq0yIGGsbElD5urviYxGWk+i wHZG1Iz0sjcT//O6qQlv/IzLJ DUo2WJRmApiYjL7mgy4QmbExBL KFLe3EjaiijJjsynZELzll1dJ u1b1Lqu15lWlfpbHUYQTOIUL8 OAa6nAHDWgBA4RneIU359F5cd6 dj0VrwclnjuEPnM8fdWWMnQ== </latexit>
1.5
<latexit sha1 _base64="5/u56OQCXgdzLvBGU r8FkAHvV1k=">AAAB6nicbVBN S8NAEJ34WetX1aOXxSp4CklV9 Fjw4rGi/YA2lM120y7dbMLuRCi lP8GLB0W8+ou8+W/ctjlo64OB x3szzMwLUykMet63s7K6tr6xWd gqbu/s7u2XDg4bJsk043WWyES 3Qmq4FIrXUaDkrVRzGoeSN8Ph7 dRvPnFtRKIecZTyIKZ9JSLBKF rpwXevuqWy53ozkGXi56QMOWr d0lenl7As5gqZpMa0/UqKwZhqF EzySbGTGZ5SNqR93rZU0ZibYD w7dULOrNIjUaJtKSQz9ffEmMbG jOLQdsYUB2bRm4r/ee0Mo5tgL FSaIVdsvijKJMGETP8mPaE5Qzm yhDIt7K2EDaimDG06RRuCv/jy MmlUXP/CrdxflquneRwFOIYTO AcfrqEKd1CDOjDowzO8wpsjnRf n3fmYt644+cwR/IHz+QNV2o0U </latexit>
2
<latexit sha1_base64="QNrn 20UV+OjadaItNv/UTZ+UOwo=">AAAB6HicbVBNS8NAEJ3Ur1q/q h69LFbBU0mqoMeCF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/J m//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+f CoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem 0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU 665XS4yfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFtlQMJY2ZK GzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExG T2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+Sdq3qXVZrzatK/ SyPowgncAoX4ME11OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMf OJ8/dumMng==</latexit>
2.5
<latexit sha1_base64="PA/P 3OFAHEQfNUBdDoUR2DLmOr8=">AAAB6nicbVBNS8NAEJ31s9avq kcvi1XwFJKo6LHgxWNF+wFtKJvtpl262YTdjVBCf4IXD4p49Rd5 89+4bXPQ1gcDj/dmmJkXpoJr47rfaGV1bX1js7RV3t7Z3duvHB w2dZIpyho0EYlqh0QzwSVrGG4Ea6eKkTgUrBWObqd+64kpzRP5a MYpC2IykDzilBgrPfjOVa9SdR13BrxMvIJUoUC9V/nq9hOaxUwa KojWHc9PTZATZTgVbFLuZpqlhI7IgHUslSRmOshnp07wmVX6OEq ULWnwTP09kZNY63Ec2s6YmKFe9Kbif14nM9FNkHOZZoZJOl8UZQ KbBE//xn2uGDVibAmhittbMR0SRaix6ZRtCN7iy8uk6TvehePfX 1Zrp0UcJTiGEzgHD66hBndQhwZQGMAzvMIbEugFvaOPeesKKmaO 4A/Q5w9XYI0V</latexit>
@2.5
<latexit sha1 _base64="DzxcK//QJjxSsszRN Oi1qczZpAU=">AAAB7XicbVBN SwMxEJ2tX7V+VT16CbaCF5fui uix4MVjBfsB7VKyabaNzSZLkhX K0v/gxYMiXv0/3vw3pu0etPXB wOO9GWbmhQln2tRq305hbX1jc6 u4XdrZ3ds/KB8etbRMFaFNIrl UnRBrypmgTcMMp51EURyHnLbD8 e3Mbz9RpZkUD2aS0CDGQ8EiRr CxUuui6rtX1X65UnNrc6BV4uW kAjka/fJXbyBJGlNhCMdadz0/M UGGlWGE02mpl2qaYDLGQ9q1VO CY6iCbXztFZ1YZoEgqW8Kgufp7 IsOx1pM4tJ0xNiO97M3E/7xua qKbIGMiSQ0VZLEoSjkyEs1eRwO mKDF8YgkmitlbERlhhYmxAZVs CN7yy6uk5bvepevf+5V6NY+jC CdwCufgwTXU4Q4a0AQCj/AMr/D mSOfFeXc+Fq0FJ585hj9wPn8A eOeNpg==</latexit>
0
<latexit sha1 _base64="ysrsGjVgFwk8YcswF ftirwZqIWs=">AAAB6HicbVBN S8NAEJ3Ur1q/qh69LFbBU0mqo MeCF48t2FpoQ9lsJ+3azSbsboQ S+gu8eFDEqz/Jm//GbZuDtj4Y eLw3w8y8IBFcG9f9dgpr6xubW8 Xt0s7u3v5B+fCoreNUMWyxWMS qE1CNgktsGW4EdhKFNAoEPgTj2 5n/8IRK81jem0mCfkSHkoecUW OlptsvV9yqOwdZJV5OKpCj0S9 /9QYxSyOUhgmqdderJcbPqDKcC ZyWeqnGhLIxHWLXUkkj1H42P3 RKzq0yIGGsbElD5urviYxGWk+i wHZG1Iz0sjcT//O6qQlv/IzLJ DUo2WJRmApiYjL7mgy4QmbExBL KFLe3EjaiijJjsynZELzll1dJ u1b1Lqu15lWlfpbHUYQTOIUL8 OAa6nAHDWgBA4RneIU359F5cd6 dj0VrwclnjuEPnM8fc+GMnA== </latexit>
2.5
<latexit sha1 _base64="PA/P3OFAHEQfNUBdD oUR2DLmOr8=">AAAB6nicbVBN S8NAEJ31s9avqkcvi1XwFJKo6 LHgxWNF+wFtKJvtpl262YTdjVB Cf4IXD4p49Rd589+4bXPQ1gcD j/dmmJkXpoJr47rfaGV1bX1js7 RV3t7Z3duvHBw2dZIpyho0EYl qh0QzwSVrGG4Ea6eKkTgUrBWOb qd+64kpzRP5aMYpC2IykDzilB grPfjOVa9SdR13BrxMvIJUoUC 9V/nq9hOaxUwaKojWHc9PTZATZ TgVbFLuZpqlhI7IgHUslSRmOs hnp07wmVX6OEqULWnwTP09kZNY 63Ec2s6YmKFe9Kbif14nM9FNk HOZZoZJOl8UZQKbBE//xn2uGDV ibAmhittbMR0SRaix6ZRtCN7i y8uk6TvehePfX1Zrp0UcJTiGE zgHD66hBndQhwZQGMAzvMIbEug FvaOPeesKKmaO4A/Q5w9XYI0V </latexit>
0
<latexit sha1_base64="ysrs GjVgFwk8YcswFftirwZqIWs=">AAAB6HicbVBNS8NAEJ3Ur1q/q h69LFbBU0mqoMeCF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/J m//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+f CoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem 0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmq dderJcbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzq0yIGGsbEl D5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYj L7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqu15lWlf pbHUYQTOIUL8OAa6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEP nM8fc+GMnA==</latexit>
1000
<latexit sha1_base64="iEen ovq7WtgsIpsEcPNqgQCIIIU=">AAAB63icbVDLSgNBEOz1GeMr6 tHLYBQ8hd0o6DHgxWME84BkCbOT2WTIPJaZWSEs+QUvHhTx6g95 82+cTfagiQUNRVU33V1Rwpmxvv/tra1vbG5tl3bKu3v7B4eVo+ O2UakmtEUUV7obYUM5k7RlmeW0m2iKRcRpJ5rc5X7niWrDlHy00 4SGAo8kixnBNpcC3/cHlapf8+dAqyQoSBUKNAeVr/5QkVRQaQnH xvSCemLDDGvLCKezcj81NMFkgke056jEgpowm986QxdOGaJYaVf Sorn6eyLDwpipiFynwHZslr1c/M/rpTa+DTMmk9RSSRaL4pQjq1 D+OBoyTYnlU0cw0czdisgYa0ysi6fsQgiWX14l7XotuKrVH66rj fMijhKcwhlcQgA30IB7aEILCIzhGV7hzRPei/fufSxa17xi5gT+ wPv8Ab+JjUs=</latexit>
2000
<latexit sha1_base64="DITK hIEnFYccD7756KDnOFcbVi8=">AAAB63icbVBNS8NAEJ3Ur1q/q h69LFbBU0lSQY8FLx4r2A9oQ9lsN+3S3U3Y3Qgl9C948aCIV/+Q N/+NmzYHbX0w8Hhvhpl5YcKZNq777ZQ2Nre2d8q7lb39g8Oj6v FJR8epIrRNYh6rXog15UzStmGG016iKBYhp91wepf73SeqNIvlo 5klNBB4LFnECDa55LuuO6zW3Lq7AFonXkFqUKA1rH4NRjFJBZWG cKx13/MTE2RYGUY4nVcGqaYJJlM8pn1LJRZUB9ni1jm6tMoIRbG yJQ1aqL8nMiy0nonQdgpsJnrVy8X/vH5qotsgYzJJDZVkuShKOT Ixyh9HI6YoMXxmCSaK2VsRmWCFibHxVGwI3urL66Tj171G3X+4r jUvijjKcAbncAUe3EAT7qEFbSAwgWd4hTdHOC/Ou/OxbC05xcwp /IHz+QPBEI1M</latexit>
@2.5
<latexit sha1_base64="Dzxc K//QJjxSsszRNOi1qczZpAU=">AAAB7XicbVBNSwMxEJ2tX7V+V T16CbaCF5fuiuix4MVjBfsB7VKyabaNzSZLkhXK0v/gxYMiXv0/ 3vw3pu0etPXBwOO9GWbmhQln2tRq305hbX1jc6u4XdrZ3ds/KB 8etbRMFaFNIrlUnRBrypmgTcMMp51EURyHnLbD8e3Mbz9RpZkUD 2aS0CDGQ8EiRrCxUuui6rtX1X65UnNrc6BV4uWkAjka/fJXbyBJ GlNhCMdadz0/MUGGlWGE02mpl2qaYDLGQ9q1VOCY6iCbXztFZ1Y ZoEgqW8Kgufp7IsOx1pM4tJ0xNiO97M3E/7xuaqKbIGMiSQ0VZL EoSjkyEs1eRwOmKDF8YgkmitlbERlhhYmxAZVsCN7yy6uk5bvep evf+5V6NY+jCCdwCufgwTXU4Q4a0AQCj/AMr/DmSOfFeXc+Fq0F J585hj9wPn8AeOeNpg==</latexit>
0
<latexit sha1_base64="ysrs GjVgFwk8YcswFftirwZqIWs=">AAAB6HicbVBNS8NAEJ3Ur1q/q h69LFbBU0mqoMeCF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/J m//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+f CoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem 0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmq dderJcbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzq0yIGGsbEl D5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYj L7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqu15lWlf pbHUYQTOIUL8OAa6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEP nM8fc+GMnA==</latexit>
2.5
<latexit sha1_base64="PA/P 3OFAHEQfNUBdDoUR2DLmOr8=">AAAB6nicbVBNS8NAEJ31s9avq kcvi1XwFJKo6LHgxWNF+wFtKJvtpl262YTdjVBCf4IXD4p49Rd5 89+4bXPQ1gcDj/dmmJkXpoJr47rfaGV1bX1js7RV3t7Z3duvHB w2dZIpyho0EYlqh0QzwSVrGG4Ea6eKkTgUrBWObqd+64kpzRP5a MYpC2IykDzilBgrPfjOVa9SdR13BrxMvIJUoUC9V/nq9hOaxUwa KojWHc9PTZATZTgVbFLuZpqlhI7IgHUslSRmOshnp07wmVX6OEq ULWnwTP09kZNY63Ec2s6YmKFe9Kbif14nM9FNkHOZZoZJOl8UZQ KbBE//xn2uGDVibAmhittbMR0SRaix6ZRtCN7iy8uk6TvehePfX 1Zrp0UcJTiGEzgHD66hBndQhwZQGMAzvMIbEugFvaOPeesKKmaO 4A/Q5w9XYI0V</latexit>
t0
<latexit sha1_base64="ysrs GjVgFwk8YcswFftirwZqIWs=">AAAB6HicbVBNS8NAEJ3Ur1q/q h69LFbBU0mqoMeCF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/J m//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+f CoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem 0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmq dderJcbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzq0yIGGsbEl D5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYj L7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqu15lWlf pbHUYQTOIUL8OAa6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEP nM8fc+GMnA==</latexit>
1000
<latexit sha1_base64="iEen ovq7WtgsIpsEcPNqgQCIIIU=">AAAB63icbVDLSgNBEOz1GeMr6 tHLYBQ8hd0o6DHgxWME84BkCbOT2WTIPJaZWSEs+QUvHhTx6g95 82+cTfagiQUNRVU33V1Rwpmxvv/tra1vbG5tl3bKu3v7B4eVo+ O2UakmtEUUV7obYUM5k7RlmeW0m2iKRcRpJ5rc5X7niWrDlHy00 4SGAo8kixnBNpcC3/cHlapf8+dAqyQoSBUKNAeVr/5QkVRQaQnH xvSCemLDDGvLCKezcj81NMFkgke056jEgpowm986QxdOGaJYaVf Sorn6eyLDwpipiFynwHZslr1c/M/rpTa+DTMmk9RSSRaL4pQjq1 D+OBoyTYnlU0cw0czdisgYa0ysi6fsQgiWX14l7XotuKrVH66rj fMijhKcwhlcQgA30IB7aEILCIzhGV7hzRPei/fufSxa17xi5gT+ wPv8Ab+JjUs=</latexit>
2000
<latexit sha1_base64="DITK hIEnFYccD7756KDnOFcbVi8=">AAAB63icbVBNS8NAEJ3Ur1q/q h69LFbBU0lSQY8FLx4r2A9oQ9lsN+3S3U3Y3Qgl9C948aCIV/+Q N/+NmzYHbX0w8Hhvhpl5YcKZNq777ZQ2Nre2d8q7lb39g8Oj6v FJR8epIrRNYh6rXog15UzStmGG016iKBYhp91wepf73SeqNIvlo 5klNBB4LFnECDa55LuuO6zW3Lq7AFonXkFqUKA1rH4NRjFJBZWG cKx13/MTE2RYGUY4nVcGqaYJJlM8pn1LJRZUB9ni1jm6tMoIRbG yJQ1aqL8nMiy0nonQdgpsJnrVy8X/vH5qotsgYzJJDZVkuShKOT Ixyh9HI6YoMXxmCSaK2VsRmWCFibHxVGwI3urL66Tj171G3X+4r jUvijjKcAbncAUe3EAT7qEFbSAwgWd4hTdHOC/Ou/OxbC05xcwp /IHz+QPBEI1M</latexit>
@2.5
<latexit sha1_base64="Dzxc K//QJjxSsszRNOi1qczZpAU=">AAAB7XicbVBNSwMxEJ2tX7V+V T16CbaCF5fuiuix4MVjBfsB7VKyabaNzSZLkhXK0v/gxYMiXv0/ 3vw3pu0etPXBwOO9GWbmhQln2tRq305hbX1jc6u4XdrZ3ds/KB 8etbRMFaFNIrlUnRBrypmgTcMMp51EURyHnLbD8e3Mbz9RpZkUD 2aS0CDGQ8EiRrCxUuui6rtX1X65UnNrc6BV4uWkAjka/fJXbyBJ GlNhCMdadz0/MUGGlWGE02mpl2qaYDLGQ9q1VOCY6iCbXztFZ1Y ZoEgqW8Kgufp7IsOx1pM4tJ0xNiO97M3E/7xuaqKbIGMiSQ0VZL EoSjkyEs1eRwOmKDF8YgkmitlbERlhhYmxAZVsCN7yy6uk5bvep evf+5V6NY+jCCdwCufgwTXU4Q4a0AQCj/AMr/DmSOfFeXc+Fq0F J585hj9wPn8AeOeNpg==</latexit>
0
<latexit sha1_base64="ysrs GjVgFwk8YcswFftirwZqIWs=">AAAB6HicbVBNS8NAEJ3Ur1q/q h69LFbBU0mqoMeCF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/J m//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+f CoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem 0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmq dderJcbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzq0yIGGsbEl D5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYj L7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqu15lWlf pbHUYQTOIUL8OAa6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEP nM8fc+GMnA==</latexit>
2.5
<latexit sha1_base64="PA/P 3OFAHEQfNUBdDoUR2DLmOr8=">AAAB6nicbVBNS8NAEJ31s9avq kcvi1XwFJKo6LHgxWNF+wFtKJvtpl262YTdjVBCf4IXD4p49Rd5 89+4bXPQ1gcDj/dmmJkXpoJr47rfaGV1bX1js7RV3t7Z3duvHB w2dZIpyho0EYlqh0QzwSVrGG4Ea6eKkTgUrBWObqd+64kpzRP5a MYpC2IykDzilBgrPfjOVa9SdR13BrxMvIJUoUC9V/nq9hOaxUwa KojWHc9PTZATZTgVbFLuZpqlhI7IgHUslSRmOshnp07wmVX6OEq ULWnwTP09kZNY63Ec2s6YmKFe9Kbif14nM9FNkHOZZoZJOl8UZQ KbBE//xn2uGDVibAmhittbMR0SRaix6ZRtCN7iy8uk6TvehePfX 1Zrp0UcJTiGEzgHD66hBndQhwZQGMAzvMIbEugFvaOPeesKKmaO 4A/Q5w9XYI0V</latexit>
40
<latexit sha1_base64="4Ndu jhjToY7EonoF8NOt2ctDwes=">AAAB6XicbVBNS8NAEJ34WetX1 aOXxSp4Kkkt6LHgxWMV+wFtKJvtpl262YTdiVBC/4EXD4p49R95 89+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR 23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfj25nffuLaiFg94 iThfkSHSoSCUbTSQ83tl8puxZ2DrBIvJ2XI0eiXvnqDmKURV8gk NabrVRP0M6pRMMmnxV5qeELZmA5511JFI278bH7plFxYZUDCWNt SSObq74mMRsZMosB2RhRHZtmbif953RTDGz8TKkmRK7ZYFKaSYE xmb5OB0JyhnFhCmRb2VsJGVFOGNpyiDcFbfnmVtKoV76pSva+V6 +d5HAU4hTO4BA+uoQ530IAmMAjhGV7hzRk7L86787FoXXPymRP4 A+fzB+fJjNo=</latexit>
12.5
<latexit sha1_base64="ECJo AXdHW95g/Wyr57vewasnzEE=">AAAB63icbVBNS8NAEJ3Ur1q/q h69LFbBU0iqoseCF48V7Ae0oWy2m3bp7ibsboQS+he8eFDEq3/I m//GTZuDtj4YeLw3w8y8MOFMG8/7dkpr6xubW+Xtys7u3v5B9f CoreNUEdoiMY9VN8SaciZpyzDDaTdRFIuQ0044ucv9zhNVmsXy0 UwTGgg8kixiBJtc8uvu9aBa81xvDrRK/ILUoEBzUP3qD2OSCioN 4Vjrnl9PTJBhZRjhdFbpp5ommEzwiPYslVhQHWTzW2fo3CpDFMX KljRorv6eyLDQeipC2ymwGetlLxf/83qpiW6DjMkkNVSSxaIo5c jEKH8cDZmixPCpJZgoZm9FZIwVJsbGU7Eh+Msvr5J23fUv3frDV a1xVsRRhhM4hQvw4QYacA9NaAGBMTzDK7w5wnlx3p2PRWvJKWaO 4Q+czx/HH41Q</latexit>
@15
<latexit sha1_base64="Htt3 Tgp/AG7a8xQNC82Tlnp96Bo=">AAAB7HicbVBNS8NAEJ34WetX1 aOXxVbwYkkioseCF48VTFtoQ9lsN+3S3U3Y3Qgl9Dd48aCIV3+Q N/+N2zYHbX0w8Hhvhpl5UcqZNq777aytb2xubZd2yrt7+weHla Pjlk4yRWhAEp6oToQ15UzSwDDDaSdVFIuI03Y0vpv57SeqNEvko 5mkNBR4KFnMCDZWCi5r3nWtX6m6dXcOtEq8glShQLNf+eoNEpIJ Kg3hWOuu56cmzLEyjHA6LfcyTVNMxnhIu5ZKLKgO8/mxU3RulQG KE2VLGjRXf0/kWGg9EZHtFNiM9LI3E//zupmJb8OcyTQzVJLFoj jjyCRo9jkaMEWJ4RNLMFHM3orICCtMjM2nbEPwll9eJS2/7l3V/ Qe/2qgVcZTgFM7gAjy4gQbcQxMCIMDgGV7hzZHOi/PufCxa15xi 5gT+wPn8AQvejW0=</latexit>
@42.5
<latexit sha1_base64="MWrx +MRKTDC+Ee2rQ+NtYYso4Fg=">AAAB7nicbVBNS8NAEJ3Ur1q/o h69LLaCF0MSFT0WvHisYD+gDWWz3bRLN5uwuxFK6I/w4kERr/4e b/4bt20O2vpg4PHeDDPzwpQzpV332yqtrW9sbpW3Kzu7e/sH9u FRSyWZJLRJEp7ITogV5UzQpmaa004qKY5DTtvh+G7mt5+oVCwRj 3qS0iDGQ8EiRrA2UvuiduU717W+XXUddw60SryCVKFAo29/9QYJ yWIqNOFYqa7npzrIsdSMcDqt9DJFU0zGeEi7hgocUxXk83On6Mw oAxQl0pTQaK7+nshxrNQkDk1njPVILXsz8T+vm+noNsiZSDNNBV ksijKOdIJmv6MBk5RoPjEEE8nMrYiMsMREm4QqJgRv+eVV0vId7 9LxH/xqvVbEUYYTOIVz8OAG6nAPDWgCgTE8wyu8Wan1Yr1bH4vW klXMHMMfWJ8/7caN5A==</latexit>
@70
<latexit sha1_base64="eIcR D9/F7JKktMGI5zQWwzud8mA=">AAAB7HicbVBNT8JAEJ36ifiFe vSyEUy8SNp6wCOJF4+YWCCBhmyXLWzY3Ta7WxPS8Bu8eNAYr/4g b/4bF+hBwZdM8vLeTGbmRSln2rjut7OxubW9s1vaK+8fHB4dV0 5O2zrJFKEBSXiiuhHWlDNJA8MMp91UUSwiTjvR5G7ud56o0iyRj 2aa0lDgkWQxI9hYKbiuNdzaoFJ16+4CaJ14BalCgdag8tUfJiQT VBrCsdY9z09NmGNlGOF0Vu5nmqaYTPCI9iyVWFAd5otjZ+jSKkM UJ8qWNGih/p7IsdB6KiLbKbAZ61VvLv7n9TIT34Y5k2lmqCTLRX HGkUnQ/HM0ZIoSw6eWYKKYvRWRMVaYGJtP2Ybgrb68Ttp+3bup+ w9+tVkr4ijBOVzAFXjQgCbcQwsCIMDgGV7hzZHOi/PufCxbN5xi 5gz+wPn8AQ1pjW4=</latexit>
V
Islow
•
•
SNP
•
HB
UkV
<latexit sha1 _base64="7welrHQkNF16w5CIy uI76aOT0hY=">AAAB63icbVBN S8NAEJ3Ur1q/qh69LFahXkoSD 3osePFYwX5AG8pmu2mX7m7C7kY ooX/BiwdFvPqHvPlv3LQ5aOuD gcd7M8zMCxPOtHHdb6e0sbm1vV PereztHxweVY9POjpOFaFtEvN Y9UKsKWeStg0znPYSRbEIOe2G0 7vc7z5RpVksH80soYHAY8kiRr DJpTr2r4bVmttwF0DrxCtIDQq 0htWvwSgmqaDSEI617ntuYoIMK 8MIp/PKINU0wWSKx7RvqcSC6i Bb3DpHl1YZoShWtqRBC/X3RIaF 1jMR2k6BzUSvern4n9dPTXQbZ EwmqaGSLBdFKUcmRvnjaMQUJYb PLMFEMXsrIhOsMDE2nooNwVt9 eZ10/IZ33fAf/FrzooijDGdwD nXw4AaacA8taAOBCTzDK7w5wnl x3p2PZWvJKWZO4Q+czx/xvo1q </latexit>
@2.5
<latexit sha1 _base64="DzxcK//QJjxSsszRN Oi1qczZpAU=">AAAB7XicbVBN SwMxEJ2tX7V+VT16CbaCF5fui uix4MVjBfsB7VKyabaNzSZLkhX K0v/gxYMiXv0/3vw3pu0etPXB wOO9GWbmhQln2tRq305hbX1jc6 u4XdrZ3ds/KB8etbRMFaFNIrl UnRBrypmgTcMMp51EURyHnLbD8 e3Mbz9RpZkUD2aS0CDGQ8EiRr CxUuui6rtX1X65UnNrc6BV4uW kAjka/fJXbyBJGlNhCMdadz0/M UGGlWGE02mpl2qaYDLGQ9q1VO CY6iCbXztFZ1YZoEgqW8Kgufp7 IsOx1pM4tJ0xNiO97M3E/7xua qKbIGMiSQ0VZLEoSjkyEs1eRwO mKDF8YgkmitlbERlhhYmxAZVs CN7yy6uk5bvepevf+5V6NY+jC CdwCufgwTXU4Q4a0AQCj/AMr/D mSOfFeXc+Fq0FJ585hj9wPn8A eOeNpg==</latexit>
0
<latexit sha1 _base64="ysrsGjVgFwk8YcswF ftirwZqIWs=">AAAB6HicbVBN S8NAEJ3Ur1q/qh69LFbBU0mqo MeCF48t2FpoQ9lsJ+3azSbsboQ S+gu8eFDEqz/Jm//GbZuDtj4Y eLw3w8y8IBFcG9f9dgpr6xubW8 Xt0s7u3v5B+fCoreNUMWyxWMS qE1CNgktsGW4EdhKFNAoEPgTj2 5n/8IRK81jem0mCfkSHkoecUW OlptsvV9yqOwdZJV5OKpCj0S9 /9QYxSyOUhgmqdderJcbPqDKcC ZyWeqnGhLIxHWLXUkkj1H42P3 RKzq0yIGGsbElD5urviYxGWk+i wHZG1Iz0sjcT//O6qQlv/IzLJ DUo2WJRmApiYjL7mgy4QmbExBL KFLe3EjaiijJjsynZELzll1dJ u1b1Lqu15lWlfpbHUYQTOIUL8 OAa6nAHDWgBA4RneIU359F5cd6 dj0VrwclnjuEPnM8fc+GMnA== </latexit>
2.5
<latexit sha1 _base64="PA/P3OFAHEQfNUBdD oUR2DLmOr8=">AAAB6nicbVBN S8NAEJ31s9avqkcvi1XwFJKo6 LHgxWNF+wFtKJvtpl262YTdjVB Cf4IXD4p49Rd589+4bXPQ1gcD j/dmmJkXpoJr47rfaGV1bX1js7 RV3t7Z3duvHBw2dZIpyho0EYl qh0QzwSVrGG4Ea6eKkTgUrBWOb qd+64kpzRP5aMYpC2IykDzilB grPfjOVa9SdR13BrxMvIJUoUC 9V/nq9hOaxUwaKojWHc9PTZATZ TgVbFLuZpqlhI7IgHUslSRmOs hnp07wmVX6OEqULWnwTP09kZNY 63Ec2s6YmKFe9Kbif14nM9FNk HOZZoZJOl8UZQKbBE//xn2uGDV ibAmhittbMR0SRaix6ZRtCN7i y8uk6TvehePfX1Zrp0UcJTiGE zgHD66hBndQhwZQGMAzvMIbEug FvaOPeesKKmaO4A/Q5w9XYI0V </latexit>
0.01
<latexit sha1 _base64="J0ufppUeZ2CgfLhKK 0azCIXUrQk=">AAAB63icbVDL SgMxFL3js9ZX1aWbYBVclZkq6 LLgxmUF+4B2KJk004bmMSQZoQz 9BTcuFHHrD7nzb8y0s9DWAyGH c+7l3nuihDNjff/bW1vf2NzaLu 2Ud/f2Dw4rR8dto1JNaIsornQ 3woZyJmnLMstpN9EUi4jTTjS5y /3OE9WGKflopwkNBR5JFjOCbS 75NT8YVKrumwOtkqAgVSjQHFS ++kNFUkGlJRwb0wvqiQ0zrC0jn M7K/dTQBJMJHtGeoxILasJsvu sMXThliGKl3ZMWzdXfHRkWxkxF 5CoFtmOz7OXif14vtfFtmDGZp JZKshgUpxxZhfLD0ZBpSiyfOoK JZm5XRMZYY2JdPGUXQrB88ipp 12vBVa3+cF1tnBdxlOAUzuASA riBBtxDE1pAYAzP8ApvnvBevHf vY1G65hU9J/AH3ucPvHqNSQ== </latexit>
0.018
<latexit sha1 _base64="BBayNYw0KT29JJMCa H/jbwSj5VE=">AAAB7HicbVBN TwIxEJ3FL8Qv1KOXRjTxRFg0k SOJF4+YuEACG9Its9DQ7W7argn Z8Bu8eNAYr/4gb/4bC+xBwZc0 fXlvJjPzgkRwbWq1b6ewsbm1vV PcLe3tHxwelY9P2jpOFUOPxSJ W3YBqFFyiZ7gR2E0U0igQ2Akmd 3O/84RK81g+mmmCfkRHkoecUW Mlr1atuY1BuWL/Bcg6cXNSgRy tQfmrP4xZGqE0TFCte249MX5Gl eFM4KzUTzUmlE3oCHuWShqh9r PFsjNyaZUhCWNlnzRkof7uyGik 9TQKbGVEzVivenPxP6+XmrDhZ 1wmqUHJloPCVBATk/nlZMgVMiO mllCmuN2VsDFVlBmbT8mG4K6e vE7a9ap7Xa0/3FSaF3kcRTiDc 7gCF26hCffQAg8YcHiGV3hzpPP ivDsfy9KCk/ecwh84nz83Eo2L </latexit>
0.026
<latexit sha1_base64="euJc BUv68SDPM5abGD8ZzldNEZ8=">AAAB7HicbVBNSwMxEJ2tX7V+V T16CVbBU9ldRT0WvHis4LaFdinZNNuGZpMlyQpl6W/w4kERr/4g b/4b03YP2vog5PHeDDPzopQzbVz32ymtrW9sbpW3Kzu7e/sH1c OjlpaZIjQgkkvVibCmnAkaGGY47aSK4iTitB2N72Z++4kqzaR4N JOUhgkeChYzgo2VArfu+tf9as3+c6BV4hWkBgWa/epXbyBJllBh CMdadz0/NWGOlWGE02mll2maYjLGQ9q1VOCE6jCfLztF51YZoFg q+4RBc/V3R44TrSdJZCsTbEZ62ZuJ/3ndzMS3Yc5EmhkqyGJQnH FkJJpdjgZMUWL4xBJMFLO7IjLCChNj86nYELzlk1dJy697l3X/4 arWOCviKMMJnMIFeHADDbiHJgRAgMEzvMKbI5wX5935WJSWnKLn GP7A+fwBNY+Nig==</latexit>
0
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Figure 2: Rinzel classification of bursting patterns: square-wave bursting, here in the Hindmarsh-
Rose model [26] (panels (a1)-(b1)); elliptic bursting, here in the FitzHugh-Rinzel model [43, 44]
(panels (a2)-(b2)); parabolic bursting, here in Plant’s model [41] (panels (a3)-(b3)).
variables that will enable the description of the active phase of a bursting oscillation (i.e. x ∈ R2),
and one or two slow variables describing the quiescent phase of the bursting dynamics (i.e. y ∈ R
or y ∈ R2). This minimal setting will inform more complex scenarios involving multi-dimensional
systems with multiple timescales.
This paper is organized as follows. In Section 2, we will review existing classification frameworks
for bursting oscillations. Subsequently, in Section 3, we first introduce the key idea of our novel
bursting classification based upon the concept of folded-node bursting dynamics. This is followed
by showcasing several new examples of folded-node burster idealized models, first in the case of
classical folded node and then in the case of cyclic folded node. Finally, in the conclusion section,
we review our findings and propose a number of perspectives and future directions to explore. We
complete the manuscript by proposing, in Appendix A, few novel additional bursting scenarios
within the Rinzel-Izhikevich’s classification. These include cases with transcritical and pitchfork
bifurcations of limit cycles, isola bursting and a two-slow-variable bursting scenario with a family
of transcritical bifurcations of equilibria.
4
2 Review of the state-of-the-art classification of bursting patterns
2.1 Rinzel’s classification (mid 1980s)
Historically, John Rinzel opened the door towards mathematically understanding bursting oscil-
lations. His seminal work on a mathematical analysis and classification of bursting oscillatory
patterns, were first published within two companion manuscripts [43, 44]. The fundamental insight
behind Rinzel’s classification is based on slow-fast dissection and in particular describing the bifur-
cation structure of the fast subsystem where the slow variables are frozen. Subsequently, the time
trajectory of the full system (i.e. for small ε>0) is superimposed on top of the bifurcation structure
of the fast subsystem. This reveals that the quiescent phase of the bursting cycle correspond to
trajectory segments where the solution slowly tracks families of stable equilibria, or low-amplitude
(subthreshold) limit cycles, of the fast subsystem. Conversely, the burst phase of the full system’s
cycle correspond to trajectory segments where the solution slowly tracks families of limit cycles
of the fast subsystem. The transitions between these two main phases of bursting cycles occur
near bifurcation points of the fast subsystem. With this approach, Rinzel proposed three classes
of bursting dynamics based on both the bifurcation structure of the fast subsystem and the salient
features of the main fast variable’s time profile (in the neuronal context this is typically the neu-
ronal membrane potential). These features include spike frequency during the burst, dynamics
during the silent phase (oscillatory or not), shape of the burst (on a plateau compared to the silent
phase or on the contrary with undershoots). These three features led Rinzel to name three classes
as square-wave, elliptic and parabolic bursting. We show an example of each class in Figure 2.
2.2 Izhikevich’s classification (ca. 2000)
Eugene Izhikevich generalised Rinzel’s approach by considering that a bursting pattern is entirely
characterised by a pair of bifurcations (b1, b2) of the fast subsystem. One bifurcation, say b1,
explains the transition from quiescence to burst, and the other, b2, marks the inverse transition,
from burst to quiescence. Due to the well established bifurcation theory and indeed knowledge of
classes of bifurcation, this led to a systematic identification of at least 120 bursting patterns [27]. An
example of a bursting model that is not within the Rinzel classification is depicted in Fig 3. In this
example the bursting pattern has a transition from quiescence to burst via a homoclinic bifurcation
(involving a small homoclinic connection) and equally, the transition from burst to quiescence is
via homoclinic bifurcation (involving a large homoclinic connection). In many ways, Izhikevich’s
work serves as a key source of reference for classification of complex slow-fast oscillations. This
is particularly the case in Neuroscience since some of the assembled examples were motivated by
existing conductance-based neuronal models and demonstrated how complex neuronal oscillations
could be achieved by adding one slow equation to a spiking system. Indeed, a dedicated book
towards Neuroscience was later published, where the derived models where also put into context
with neurophysiological processes [28]. The result of this deeply insightful work is a quasi-complete
classification of bursting patterns in terms of pairs of codimension-one bifurcations of the fast
subsystem.
2.3 Bertram et al.’s / Golubitsky et al.’s classification (mid 1990)
An alternative approach to classification was proposed by Bertram and colleagues in 1995 [6] and
extended mathematically by Golubitsky and collaborators in 2001 [19] using a singularity theory
viewpoint. The fundamental idea consists in identifying a codimension-k bifurcation point (k ≥ 2)
in the fast subsystem and subsequently consider the slow variables of the bursting system as the
unfolding parameters of this high codimension bifurcation point. The bursting is then obtained via
a slow path made by the slow variables in the unfolding of that point (i.e. within a multidimensional
parameter space). The minimum codimension, whose unfolding allows to create a given bursting
pattern, defines the class of the associated bursting patterns provided a notion of path equivalence
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Figure 3: Small homoclinic / big homoclinic bursting, corresponding to Fig.88 of [27]. Panel (a)
shows the slow-fast dissection in the (u, V ) phase plane and panel (b) shows the V -time series of
this bursting solution.
is properly defined. Specifically, two paths are equivalent if one can pass from one to the other
via diffeomorphism and a re-parameterization. Recently, a review and a show-case demonstrating
the construction of bursting oscillations via this approach, including cases for higher codimension
bifurcation points was published in [49]. It is worth noting that the Rinzel-Izhikevich approach and
the Bertram-Golubitsky approach both focus on the fast subsystem only. Moreover, a way to see a
link between the two approaches is that the two bifurcation points (b1, b2) of the fast subsystem
(as characterised by Izhikevich’s approach) belong to bifurcation curves in a two-parameter plane,
which coalesce at a codimension-two bifurcation point that characterises this particular bursting
pattern from the singularity theory viewpoint. This implies that in principle the Rinzel-Izhikevich
and the Bertram-Golubitsky approaches both lead to the same number of bursting oscillation cases.
The bursting patterns covered by these three existing classification schemes have not been
exhausted yet, even though a large number (way above one hundred) have already been reported
and analysed in previous works. However, we propose a few more cases which we believe have not
been considered before and which will be presented with associated idealized models in Appendix A.
In particular, we will show bursting scenarios where the burst phase ends due to a transcritical or
a pitchfork bifurcation of limit cycles of the fast subsystem. We also propose the concept of isola
bursting, where the burst starts and ends through saddle-node bifurcations of limit cycles of the
fast subsystem which happen to lie on an isola of limit cycles. Finally, we propose one example
(amongst many) of bursting pattern with two slow variables where the burst initiates through a
family of transcritical bifurcation of equilibria.
3 Towards a new classification of bursting patterns
3.1 Main idea to go beyond the state-of-the-art
It is compelling to ask if there are other bursting oscillations beyond the Rinzel-Izhikevich and
Bertram-Golubitsky classification approaches, as summarised in Figure 5 (top panel), and which
cannot be explained invoking these state-of-the-art results. If so, could there be an improved classi-
fication system that captures a larger class of bursting dynamics beyond the ca. 120 cases captured
by the state-of-the-art? Noteworthy, it is reasonable to contemplate that there could be possible ex-
tensions for classifying bursting patterns in systems with more than two timescales. In this context,
the mathematical analysis would have to deal with nested fast subsystems, which has not yet been
achieved (except in very particular cases) and therefore there is substantial work to do in order to
extend the state-of-the-art approaches. However, still within the two-timescale framework the ques-
tion of bursting classification extension remains. This question gains further support since there are
electrophysiological recordings of bursting dynamics, which resist the state-of-the-art classification
system. A case in point is depicted in Figure 4, where the bursting oscillations has two phases,
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Figure 4: Electrophysiological recordings of the lateral thalamic nuclei neuron in cat from [48] show
complex bursting oscillations.
but the quiescent phase has the peculiarity that it appears to periodically rise close to a threshold,
however the neuron does not have a transition to the active phase and instead descends back to
its baseline activity and only on the second run the active phase emerges. These observations
suggest that there is an underlying complex mechanism for the quiescent phase of the oscillations
and therefore point towards a bursting classification framework that has to also incorporate the
analysis of the slow subsystem, which is in stark contrast to state-of-the-art approaches. Further
motivating this view is our earlier study, which constructed the first example (to the best of our
knowledge) of a slow-fast bursting model whereby the initiation of the bursting oscillations could
not be explained by the fast subsystem of the underlying slow-fast model [12]. However, therein we
did not attempt to derive an improved bursting classification framework. Thus, we herein propose
an extension of the state-of-the-art classification system that enforces the importance of considering
complex dynamical mechanisms within the slow subsystem as the underlying cause of the initiation
or termination of bursting oscillations, which can not be explained by the fast subsystem’s analysis
solely. To substantiate this novelty we will also show in subsequent sections how to construct a
variety of these new cases of bursting oscillations. However, to better guide the reader throughout
this manuscript we first replicate the results of our previous work in Figure 5 (panels (a1)-(c3))
and further summarise the key insights of the proposed novel classification framework. We first
considered the minimal setting of systems with two-timescales and that possess at least two slow
variables. We then constructed a bursting model whose quiescent phase displays small-amplitude
near-threshold oscillations. Mathematically, it turns out that these observations are best explained
by the so-called folded-node singularities defined in the slow subsystem (ε = 0) and associated
canard solutions, which persist for small enough ε > 0; see Figure 5 panels (a1)-(c1). Noteworthy,
these are not per se bifurcations of the fast subsystem but lie on saddle-node bifurcation curves of
the fast subsystem (see Figure 5 panel (a1)). Such unexpected and non-trivial emergent mathemat-
ical objects allow trajectories of the slow subsystem to visit both the attracting (S0a) and repelling
(S0r ) parts of the critical manifold. In the full system (for small ε > 0) the perturbed versions of
these manifolds –attracting Sεa and repelling S
ε
r slow manifolds– twist and intersect multiple times
(see Figure 5 panels (a2)-(b2)) thereby causing trajectories to non-trivially and robustly oscillate
during the quiescent phase. In essence, if the slow dynamics change direction along a fold then this
can create a folded node scenario. The transition from quiescent to active phase is caused by a
repulsion of the trajectory away from the unstable sheet of the critical manifold; this phenomenon
is mediated by canard solutions due to the presence of the folded node in the slow subsystem. In
this particular example, the fast oscillations of the active phase are due to a nearby family of Hopf
bifurcations in the fast subsystem (Figure 5 panel (c2)). The return back to quiescence is then
caused by a family of homoclinic bifurcations of the fast subsystem. The key insight is that the fast
subsystem is blind to what is causing these small-amplitude oscillations during the quiescent phase,
and thus it is unable to classify the initiation of these oscillations based upon the bifurcations of
fast subsystem only. This point is illustrated by the Rinzel-Izhikevich slow-fast dissection and pro-
jection of the trajectory of the full system onto the bifurcation diagram of the fast subsystem (see
Figure 5 panels (b3)-(c3)). Note that by employing the Rinzel-Izhikevich classification system, the
bursting dynamics would be explained by two bifurcations of the fast subsystem, namely the fold
7
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>Q2
<latexit sha1_base64="HhO0n0s /T6lymX+qMxBFOeM3rMs=">AAAB7XicdVDLSgMxFM3UV62vqks3wVZwVZ JRbLsruOmygn1AO5RMmmljM5MhyQhl6D+4caGIW//HnX9jpq2gogcuHM 65l3vv8WPBtUHow8mtrW9sbuW3Czu7e/sHxcOjjpaJoqxNpZCq5xPNBI9 Y23AjWC9WjIS+YF1/ep353XumNJfRrZnFzAvJOOIBp8RYqdOU5aFbHhZL qIIQwhjDjODqFbKkXq+5uAZxZlmUwAqtYfF9MJI0CVlkqCBa9zGKjZcSZ TgVbF4YJJrFhE7JmPUtjUjItJcurp3DM6uMYCCVrcjAhfp9IiWh1rPQt 50hMRP928vEv7x+YoKal/IoTgyL6HJRkAhoJMxehyOuGDViZgmhittbIZ 0QRaixARVsCF+fwv9Jx63gi4p745Yal6s48uAEnIJzgEEVNEATtEAbUHA HHsATeHak8+i8OK/L1pyzmjkGP+C8fQKVPI5w</latexit>s1
<latexit sha1_base64="O/HaCqX da+vCwweatN5mIsUEdXI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0 lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeL w3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC 8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD2bgDcoVt+ou QNaJl5MK5GgOyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0 YgbP1ucOiMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8MbPh EpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+1a1b uq1u7rlUY9j6MIZ3AOl+DBNTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5z CHzifPwEqjZE=</latexit>s2
<latexit sha1_base64="1VaEcKP XTp64JUmFIN/lRXknvyc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0 lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeL w3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC 8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD2ZQG5QrbtVd gKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepo hE3frY4dUYurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6K4Y2fC ZWkyBVbLgpTSTAm87/JUGjOUE4toUwLeythY6opQ5tOyYbgrb68Ttq1qn dVrd3XK416HkcRzuAcLsGDa2jAHTShBQxG8Ayv8OZI58V5dz6WrQUnnzm FP3A+fwACro2S</latexit>
f1
<latexit sha1_base64="NaNBNgP j2E/k7lPvR0eEo7YgiAY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0 lqQY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeL w3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgkt sGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpIRx4g3LFrboL kHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKG qH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeONnX CapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68Ttq1qn dVrd3XK416HkcRzuAcLsGDa2jAHTShBQxG8Ayv8OYI58V5dz6WrQUnnzm FP3A+fwDtTY2E</latexit>
_BMx2HǶb f Ax?BF2pB+?Ƕb TT`Q+?
<latexit sha1_base64="hXyk1WH6Gh+kSa9iMw0hv58ucRw=">AAACEnicbVC7 TgMxEPSFd3gFKGksIgQ04S4gQYlEA11ABJCSKPI5ezkrPt/J3otITvkGGn6FhgKEaKno+BucR8FrpJXGM7vy7viJFAZd99PJTU3PzM7NL+QXl5ZXVgtr69cmTjWHKo 9lrG99ZkAKBVUUKOE20cAiX8KN3zkd+jdd0EbE6gp7CTQi1lYiEJyhlZqFvTrCHfpBdilUH+SOofv0vB+KDnQFD+2TJYmOGQ8HzULRLbkj0L/Em5AimaDSLHzUWzFP I1DIJTOm5rkJNjKmUXAJg3w9NZAw3mFtqFmqWASmkY1OGtBtq7RoEGtbCulI/T6RsciYXuTbzohhaH57Q/E/r5ZicNzIhEpSBMXHHwWppBjTYT60JTRwlD1LGNfC7k p5yDTjaFPM2xC83yf/JdflkndQKl+UiyeHkzjmySbZIrvEI0fkhJyRCqkSTu7JI3kmL86D8+S8Om/j1pwzmdkgP+C8fwEUrp2t</latexit>
" = 0, bHQr bm#bvbi2K
<latexit sha1_base64=" Magzp0H5r9g4lTbNO/tcPee4MXA=">AAACJXicbVDL SgMxFM34tr6qLt0Eq+CqzFRBEQXBjUsF+4BOKZn0jg YzyZDcUcswP+PGX3HjQhHBlb9i+lj4OhByOOdeknOi VAqLvv/hTUxOTc/Mzs2XFhaXllfKq2sNqzPDoc611K YVMQtSKKijQAmt1ABLIgnN6OZ04DdvwVih1SX2U+gk 7EqJWHCGTuqWj8I40vf5Vhhp2bP9xF15eMsMpFZIrY 79YitEuMcozg+plfqO2iyyfYuQFEW3XPGr/hD0LwnG pELGOO+WX8Oe5lkCCrlk1rYDP8VOzgwKLqEohZmFlP EbdgVtRxVLwHbyYcqCbjulR2Nt3FFIh+r3jZwldpDA TSYMr+1vbyD+57UzjA86uVBphqD46KE4kxQ1HVRGe8 IAR9l3hHEj3F8pv2aGcXTFllwJwe/If0mjVg12q7WL WuVkb1zHHNkgm2SHBGSfnJAzck7qhJMH8kReyKv36D 17b977aHTCG++skx/wPr8AQiGm6A==</latexit>
" = 0, 7bi bm#bvbi2K
<latexit sha1_base64= "aiUnvcaOAlqxh+crYQ5jHtwpI3Q=">AAACJXicbV DLSgMxFM34tr6qLt0EW8FVmamCIgqCG5cKVgudUj LpnTaYSYbkTrEM8zNu/BU3LhQRXPkrprULXwdCDuf cS3JOlEph0fffvanpmdm5+YXF0tLyyupaeX3j2urM cGhwLbVpRsyCFAoaKFBCMzXAkkjCTXR7NvJvBmCs0 OoKhym0E9ZTIhacoZM65eMwjvRdXg0jLbt2mLgrDw fMQGqF1OrEL6ohwh1GcX5EY2aR2iyyQ4uQFEWnXP Fr/hj0LwkmpEImuOiUX8Ku5lkCCrlk1rYCP8V2zgw KLqEohZmFlPFb1oOWo4olYNv5OGVBd5zSpbE27iik Y/X7Rs4SO0rgJhOGffvbG4n/ea0M48N2LlSaISj+9 VCcSYqajiqjXWGAoxw6wrgR7q+U95lhHF2xJVdC8D vyX3JdrwV7tfplvXK6P6ljgWyRbbJLAnJATsk5uS ANwsk9eSTP5MV78J68V+/ta3TKm+xskh/wPj4BHfi m0Q==</latexit>
:QHm#BibFv 2i HXǶb TT`Q+?
<latexit sha1_base64="VxgPfa5RH3 JxgeWKsNnUO8hpd0w=">AAACDnicbVA9SwNBEN3z2/gVtbRZDEGrkIuCloKFlhF MIiQhzG3mzJK922N3TgxHfoGNf8XGQhFbazv/jZuPQqMPBh7vzTAzL0iUtFQuf3 lz8wuLS8srq7m19Y3Nrfz2Tt3q1AisCa20uQnAopIx1kiSwpvEIESBwkbQPx/5j Ts0Vur4mgYJtiO4jWUoBZCTOvlii/CegjC70CoNJNn+gCNxUKUDyyFJjAbRG3by hXKpPAb/S/wpKbApqp38Z6urRRphTEKBtU2/klA7A0NSKBzmWqnFBEQfbrHpaAw R2nY2fmfIi07p8lAbVzHxsfpzIoPI2kEUuM4IqGdnvZH4n9dMKTxtZzJOUsJYTB aFqeKk+Sgb3pUGBamBIyCMdLdy0QMDglyCOReCP/vyX1KvlPyjUuWqUjg7nsaxw vbYPjtkPjthZ+ySVVmNCfbAntgLe/UevWfvzXuftM5505ld9gvexzdcc5w9</la texit>
"2`i`K 2i HXǶb f
<latexit sha1_base64="161+zeAbsV aXPn5PS+XNMS31i8A=">AAACBHicbVDJSgNBEO1xjXGLesylMYiexswo6DHoxWM Es0AyhJ5OTdKkZ6G7RgxDDl78FS8eFPHqR3jzb+wsB018UPB4r4qqen4ihcZy+d taWl5ZXVvPbeQ3t7Z3dgt7+3Udp4pDjccyVk2faZAighoKlNBMFLDQl9DwB9djv 3EPSos4usNhAl7IepEIBGdopE6h2EZ4QD/IrkChYiEFpEzax5qejjqFUtkuT0AX iTMjJTJDtVP4andjnoYQIZdM65bjJuhlTKHgEkb5dqohYXzAetAyNGIhaC+bPDG iR0bp0iBWpiKkE/X3RMZCrYehbzpDhn09743F/7xWisGll4koSREiPl0UpJJiTM eJ0K5QwFEODWFcCXMr5X2mGEeTW96E4My/vEjqru2c2e6tW6qcz+LIkSI5JCfEI RekQm5IldQIJ4/kmbySN+vJerHerY9p65I1mzkgf2B9/gCa5Zda</latexit>
"h
<latexit sha1_base64="JdAiOeO 2Y8opl8XYFhE0R3YDjV0=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4Kk kV9Fj04rFKv6ANZbPdtEs3m7A7EUroP/DiQRGv/iNv/hu3bQ7a+mDg8d 4MM/OCRAqDrvvtrK1vbG5tF3aKu3v7B4elo+OWiVPNeJPFMtadgBouheJ NFCh5J9GcRoHk7WB8N/PbT1wbEasGThLuR3SoRCgYRSs93jb6pbJbcecg q8TLSRly1Pulr94gZmnEFTJJjel6boJ+RjUKJvm02EsNTygb0yHvWqpox I2fzS+dknOrDEgYa1sKyVz9PZHRyJhJFNjOiOLILHsz8T+vm2J442dCJ SlyxRaLwlQSjMnsbTIQmjOUE0so08LeStiIasrQhlO0IXjLL6+SVrXiXV aqD9Vy7SqPowCncAYX4ME11OAe6tAEBiE8wyu8OWPnxXl3Phata04+cwJ /4Hz+ADVejRg=</latexit>
s1
<latexit sha1_base64="O/HaCqX da+vCwweatN5mIsUEdXI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0 lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeL w3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC 8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD2bgDcoVt+ou QNaJl5MK5GgOyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0 YgbP1ucOiMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8MbPh EpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+1a1b uq1u7rlUY9j6MIZ3AOl+DBNTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5z CHzifPwEqjZE=</latexit>
p
<latexit sha1_base64="TQ6SpB9 YKWeCJGb5mUhHbb62RcU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kk kt6LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu /NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW 2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUTAalsltxFyDr xMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7 WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMU oOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20qxXvul Jt1sr1Wh5HAc7hAq7Agxuowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/ gfP4A1zGM6g==</latexit>
>"
<latexit sha1_base64="+yXdgndYsGExNUbTB5l0DDKAzy4=">AAAB6 XicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj00mMV+wFtKJvtpF262YTdjVBC/4EXD4p49R9589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu 3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WjmSToR3QoecgZNVZ6qN/2S2W34s5BVomXkzLkaPRLX71BzNIIpWGCat31 3MT4GVWGM4HTYi/VmFA2pkPsWipphNrP5pdOyblVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhjZ9xmaQGJVssClNBTExmb5MBV8iMmFhCme L2VsJGVFFmbDhFG4K3/PIqaVUr3mWlel8t167yOApwCmdwAR5cQw3q0IAmMAjhGV7hzRk7L86787FoXXPymRP4A+fzByM0jQw=</latexit>>Q
<latexit sha1_base64="sRzj+O4Pqz4ertiJO+4ye0NVCDg=">AAAB6 XicdVDLSgMxFM3UV62vqks3wSK4KkkV2+4KbrqsYh/QDiWTZtrQTDIkGaEM/QM3LhRx6x+582/MtBVU9MCFwzn3cu89QSy4sQh9eLm19Y3Nrfx2YWd 3b/+geHjUMSrRlLWpEkr3AmKY4JK1LbeC9WLNSBQI1g2m15nfvWfacCXv7CxmfkTGkoecEuuk26YaFkuojBDCGMOM4OoVcqRer1VwDeLMciiBFVrD 4vtgpGgSMWmpIMb0MYqtnxJtORVsXhgkhsWETsmY9R2VJGLGTxeXzuGZU0YwVNqVtHChfp9ISWTMLApcZ0TsxPz2MvEvr5/YsOanXMaJZZIuF4WJgF bB7G044ppRK2aOEKq5uxXSCdGEWhdOwYXw9Sn8n3QqZXxRrtxUSo3LVRx5cAJOwTnAoAoaoAlaoA0oCMEDeALP3tR79F6812VrzlvNHIMf8N4+AbR ejW8=</latexit>
GS
<latexit sha1_base64="vBZDiYFXJ5X64wWlZ9v6QvvDzn8=">AAAB6 XicdVDJSgNBFHwTtxi3qEcvjUHwFGbifgt48eAhilkgGaSn8yZp0tMzdPcIYcgfePGgiFf/yJt/Y2cRXAsaiqp69HsVJIJr47rvTm5ufmFxKb9cWFl dW98obm41dJwqhnUWi1i1AqpRcIl1w43AVqKQRoHAZjA4H/vNO1Sax/LGDBP0I9qTPOSMGitdX9ZuiyW3fOR6Z8ce+U28sjtBCWaw+bdON2ZphNIw QbVue25i/Iwqw5nAUaGTakwoG9Aeti2VNELtZ5NNR2TPKl0Sxso+achE/TqR0UjrYRTYZERNX//0xuJfXjs14amfcZmkBiWbfhSmgpiYjM8mXa6QGT G0hDLF7a6E9amizNhyCraEz0vJ/6RRKXsH5cpVpVQ9nNWRhx3YhX3w4ASqcAE1qAODEO7hEZ6cgfPgPDsv02jOmc1swzc4rx+d/I1g</latexit>
•<latexit sha1_base64="8ZpM+BOsh7lr0MvWuFm kBxQO1uA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0iqoMeCF48V7Ae0oWy2m3bpZhN2J0IJ/RFeP Cji1d/jzX/jts1BWx8MPN6bYWZemEph0PO+ndLG5tb2Tnm3srd/cHhUPT5pmyTTjLdYIhPdDanhUijeQ oGSd1PNaRxK3gknd3O/88S1EYl6xGnKg5iOlIgEo2ilTj/MpOQ4qNY811uArBO/IDUo0BxUv/rDhGUxV 8gkNabneykGOdUomOSzSj8zPKVsQke8Z6miMTdBvjh3Ri6sMiRRom0pJAv190ROY2OmcWg7Y4pjs+rNx f+8XobRbZALlWbIFVsuijJJMCHz38lQaM5QTi2hTAt7K2FjqilDm1DFhuCvvrxO2nXXv3LrD9e1hlvEU YYzOIdL8OEGGnAPTWgBgwk8wyu8Oanz4rw7H8vWklPMnMIfOJ8/c1uPlA==</latexit>
UjV
<latexit sha1_base64="CqJueVE e+NfWFFsVoq3nsoeYNKc=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXk qSCnosePFYwdZCG8pmu2mX7m7C7kYooX/BiwdFvPqHvPlv3LQ5aOuDgc d7M8zMCxPOtHHdb6e0sbm1vVPereztHxweVY9PujpOFaEdEvNY9UKsKWe SdgwznPYSRbEIOX0Mp7e5//hElWaxfDCzhAYCjyWLGMEml+q4eTms1tyG uwBaJ15BalCgPax+DUYxSQWVhnCsdd/zExNkWBlGOJ1XBqmmCSZTPKZ9S yUWVAfZ4tY5urDKCEWxsiUNWqi/JzIstJ6J0HYKbCZ61cvF/7x+aqKbI GMySQ2VZLkoSjkyMcofRyOmKDF8ZgkmitlbEZlghYmx8VRsCN7qy+uk6z e8ZsO/92utqyKOMpzBOdTBg2towR20oQMEJvAMr/DmCOfFeXc+lq0lp5g 5hT9wPn8A+pONfQ==</latexit>
fn
<latexit sha1_base64="apTQb5a IAQoSQhKtlW3S1lC3eMY=">AAAB8nicbVDLSgMxFL3js9ZX1aWbYBFclZ la0GXBjcsK9gHtUDJppg3NY0gyQhn6GW5cKOLWr3Hn35hpZ6GtBwKHc+ 4l554o4cxY3//2Nja3tnd2S3vl/YPDo+PKyWnHqFQT2iaKK92LsKGcSdq 2zHLaSzTFIuK0G03vcr/7RLVhSj7aWUJDgceSxYxg66T+QGA70SKL5XxY qfo1fwG0ToKCVKFAa1j5GowUSQWVlnBsTD/wExtmWFtGOJ2XB6mhCSZTP KZ9RyUW1ITZIvIcXTplhGKl3ZMWLdTfGxkWxsxE5CbziGbVy8X/vH5q4 9swYzJJLZVk+VGccmQVyu9HI6YpsXzmCCaauayITLDGxLqWyq6EYPXkdd Kp14LrWv2hUW02ijpKcA4XcAUB3EAT7qEFbSCg4Ble4c2z3ov37n0sRze 8YucM/sD7/AHSGZGP</latexit>
GS
<latexit sha1_base64="vBZDiYFXJ5X64wWlZ9v6QvvDzn8=">AAAB6 XicdVDJSgNBFHwTtxi3qEcvjUHwFGbifgt48eAhilkgGaSn8yZp0tMzdPcIYcgfePGgiFf/yJt/Y2cRXAsaiqp69HsVJIJr47rvTm5ufmFxKb9cWFl dW98obm41dJwqhnUWi1i1AqpRcIl1w43AVqKQRoHAZjA4H/vNO1Sax/LGDBP0I9qTPOSMGitdX9ZuiyW3fOR6Z8ce+U28sjtBCWaw+bdON2ZphNIw QbVue25i/Iwqw5nAUaGTakwoG9Aeti2VNELtZ5NNR2TPKl0Sxso+achE/TqR0UjrYRTYZERNX//0xuJfXjs14amfcZmkBiWbfhSmgpiYjM8mXa6QGT G0hDLF7a6E9amizNhyCraEz0vJ/6RRKXsH5cpVpVQ9nNWRhx3YhX3w4ASqcAE1qAODEO7hEZ6cgfPgPDsv02jOmc1swzc4rx+d/I1g</latexit>
s1
<latexit sha1_base64="O/HaCqX da+vCwweatN5mIsUEdXI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0 lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeL w3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC 8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD2bgDcoVt+ou QNaJl5MK5GgOyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0 YgbP1ucOiMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8MbPh EpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+1a1b uq1u7rlUY9j6MIZ3AOl+DBNTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5z CHzifPwEqjZE=</latexit>
s2
<latexit sha1_base64="1VaEcKP XTp64JUmFIN/lRXknvyc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0 lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeL w3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC 8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD2ZQG5QrbtVd gKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepo hE3frY4dUYurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6K4Y2fC ZWkyBVbLgpTSTAm87/JUGjOUE4toUwLeythY6opQ5tOyYbgrb68Ttq1qn dVrd3XK416HkcRzuAcLsGDa2jAHTShBQxG8Ayv8OZI58V5dz6WrQUnnzm FP3A+fwACro2S</latexit>
URV
<latexit sha1_base64="3bzvin9 cf7fQeWiihL/2rv1uLiA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXk oSBT0WvHisYD+gDWWz3bRLdzdhdyOU0L/gxYMiXv1D3vw3btoctPXBwO O9GWbmhQln2rjut1Pa2Nza3invVvb2Dw6PqscnHR2nitA2iXmseiHWlDN J24YZTnuJoliEnHbD6V3ud5+o0iyWj2aW0EDgsWQRI9jkUh17l8NqzW24 C6B14hWkBgVaw+rXYBSTVFBpCMda9z0/MUGGlWGE03llkGqaYDLFY9q3V GJBdZAtbp2jC6uMUBQrW9Kghfp7IsNC65kIbafAZqJXvVz8z+unJroNM iaT1FBJlouilCMTo/xxNGKKEsNnlmCimL0VkQlWmBgbT8WG4K2+vE46fs O7avgPfq15XcRRhjM4hzp4cANNuIcWtIHABJ7hFd4c4bw4787HsrXkFDO n8AfO5w/3iY17</latexit>
fn
<latexit sha1_base64="apTQb5aIAQoSQhKtlW3S1lC3eMY=">AAAB8 nicbVDLSgMxFL3js9ZX1aWbYBFclZla0GXBjcsK9gHtUDJppg3NY0gyQhn6GW5cKOLWr3Hn35hpZ6GtBwKHc+4l554o4cxY3//2Nja3tnd2S3vl/YP Do+PKyWnHqFQT2iaKK92LsKGcSdq2zHLaSzTFIuK0G03vcr/7RLVhSj7aWUJDgceSxYxg66T+QGA70SKL5XxYqfo1fwG0ToKCVKFAa1j5GowUSQWV lnBsTD/wExtmWFtGOJ2XB6mhCSZTPKZ9RyUW1ITZIvIcXTplhGKl3ZMWLdTfGxkWxsxE5CbziGbVy8X/vH5q49swYzJJLZVk+VGccmQVyu9HI6YpsX zmCCaauayITLDGxLqWyq6EYPXkddKp14LrWv2hUW02ijpKcA4XcAUB3EAT7qEFbSCg4Ble4c2z3ov37n0sRze8YucM/sD7/AHSGZGP</latexit>
s1
<latexit sha1_base64="O/HaCqXda+vCwweatN5mIsUEdXI=">AAAB6 nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW/ /4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD2bgDcoVt+ouQNaJl5MK5GgOyl/9YczSiCtkkhrT 89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOiMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8MbPhEpS5IotF4WpJBiT+d9kKDRnKKeWUK aFvZWwMdWUoU2nZEPwVl9eJ+1a1buq1u7rlUY9j6MIZ3AOl+DBNTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifPwEqjZE=</latexit>s2
<latexit sha1_base64="1VaEcKPXTp64JUmFIN/lRXknvyc=">AAAB6 nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW/ /4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD2ZQG5QrbtVdgKwTLycVyNEclL/6w5ilEVfIJDWm 57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4dUYurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6K4Y2fCZWkyBVbLgpTSTAm87/JUGjOUE4toU wLeythY6opQ5tOyYbgrb68Ttq1qndVrd3XK416HkcRzuAcLsGDa2jAHTShBQxG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwACro2S</latexit>
f1
<latexit sha1_base64="NaNBNgPj2E/k7lPvR0eEo7YgiAY=">AAAB6 nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7 +weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpIRx4g3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3 PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeONnXCapQcmWi8JUEBOT+d9kyBUyI6aWUK a4vZWwMVWUGZtOyYbgrb68Ttq1qndVrd3XK416HkcRzuAcLsGDa2jAHTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwDtTY2E</latexit>
F 
<latexit sha1_base64="lrLReRsF8IcohF+LjHBfiACKBxo=">AAAB9 HicbVDLSsNAFL2pr1pfUZduBovgxpLUgi4LgrisYB/QxjKZTtqhk0mcmRRK6He4caGIWz/GnX/jpM1CWw8MHM65l3vm+DFnSjvOt1VYW9/Y3Cpul3Z 29/YP7MOjlooSSWiTRDySHR8rypmgTc00p51YUhz6nLb98U3mtydUKhaJBz2NqRfioWABI1gbyeuFWI8I5unt48Wsb5edijMHWiVuTsqQo9G3v3qD iCQhFZpwrFTXdWLtpVhqRjidlXqJojEmYzykXUMFDqny0nnoGTozygAFkTRPaDRXf2+kOFRqGvpmMguplr1M/M/rJjq49lIm4kRTQRaHgoQjHaGsAT RgkhLNp4ZgIpnJisgIS0y06alkSnCXv7xKWtWKe1mp3tfK9VpeRxFO4BTOwYUrqMMdNKAJBJ7gGV7hzZpYL9a79bEYLVj5zjH8gfX5A5qDkfE=</l atexit>
F+
<latexit sha1_base64="LBRcNytSZZ4aKHbHeDRte1KlWwc=">AAAB9 HicbVDLSsNAFL2pr1pfUZduBosgCCWpBV0WBHFZwT6gjWUynbRDJ5M4MymU0O9w40IRt36MO//GSZuFth4YOJxzL/fM8WPOlHacb6uwtr6xuVXcLu3 s7u0f2IdHLRUlktAmiXgkOz5WlDNBm5ppTjuxpDj0OW3745vMb0+oVCwSD3oaUy/EQ8ECRrA2ktcLsR4RzNPbx4tZ3y47FWcOtErcnJQhR6Nvf/UG EUlCKjThWKmu68TaS7HUjHA6K/USRWNMxnhIu4YKHFLlpfPQM3RmlAEKImme0Giu/t5IcajUNPTNZBZSLXuZ+J/XTXRw7aVMxImmgiwOBQlHOkJZA2 jAJCWaTw3BRDKTFZERlpho01PJlOAuf3mVtKoV97JSva+V67W8jiKcwCmcgwtXUIc7aEATCDzBM7zCmzWxXqx362MxWrDynWP4A+vzB5d5ke8=</l atexit>
U#RV
<latexit sha1_base64="jgLmh2i8WQ5fNzLlAEYxGzXhTMo=">AAAB6 3icbVBNS8NAEJ3Ur1q/qh69LBahXkoSBT0WvHisYD+gDWWz3bRLdzdhdyOU0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2rjut1Pa2Nza3invVvb 2Dw6PqscnHR2nitA2iXmseiHWlDNJ24YZTnuJoliEnHbD6V3ud5+o0iyWj2aW0EDgsWQRI9jkUj30LofVmttwF0DrxCtIDQq0htWvwSgmqaDSEI61 7nt+YoIMK8MIp/PKINU0wWSKx7RvqcSC6iBb3DpHF1YZoShWtqRBC/X3RIaF1jMR2k6BzUSvern4n9dPTXQbZEwmqaGSLBdFKUcmRvnjaMQUJYbPLM FEMXsrIhOsMDE2nooNwVt9eZ10/IZ31fAf/FrzuoijDGdwDnXw4AaacA8taAOBCTzDK7w5wnlx3p2PZWvJKWZO4Q+czx/5D418</latexit>
S0a
<latexit sha1_base64="uvWY6vQRA23qh6XbrOLeJWmW2EE=">AAAB7 HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2lpoY9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7 u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj65n/8IRK81jem0mCfkSHkoecUWOl1l2fPrr9csWtunOQVeLlpAI5mv3yV28QszRCaZig Wnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+bFTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU145WdcJqlByRaLwlQQE5PZ52TAFTIjJp ZQpri9lbARVZQZm0/JhuAtv7xK2rWqd1Gt3dYrjXoeRxFO4BTOwYNLaMANNKEFDDg8wyu8OdJ5cd6dj0VrwclnjuEPnM8fPMeOQw==</latexit>
S0r
<latexit sha1_base64="7a5MRobUnCxxrKlSi4OUC1tcnJk=">AAAB7 HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2lpoY9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7 u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj65n/8IRK81jem0mCfkSHkoecUWOl1l1fPbr9csWtunOQVeLlpAI5mv3yV28QszRCaZig Wnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+bFTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU145WdcJqlByRaLwlQQE5PZ52TAFTIjJp ZQpri9lbARVZQZm0/JhuAtv7xK2rWqd1Gt3dYrjXoeRxFO4BTOwYNLaMANNKEFDDg8wyu8OdJ5cd6dj0VrwclnjuEPnM8fVq2OVA==</latexit>
F
<latexit sha1_base64="8Cucg9Mlhk/MsPmpogJrlZPr4uY=">AAAB73icdVBNSwMxEM3Wr1q/qh69BIvgadlUse2t4MVjBVsL7VKyabYNzWbXZFYoS/+EFw+KeP XvePPfmG0rqOiDgcd7M8zMCxIpDHjeh1NYWV1b3yhulra2d3b3yvsHHROnmvE2i2WsuwE1XArF2yBA8m6iOY0CyW+DyWXu395zbUSsbmCacD+iIyVCwShYqdsPxMgA1YNyxXM9zyOE4JyQ2oVnSaNRr5I6JrllUUFLtAbl9/4wZmnEFTBJjekRLwE/oxoEk3xW6qeGJ5RN6Ij3LFU04sbP5vfO8IlVhjiMtS0FeK5+n8hoZMw0CmxnRGFs fnu5+JfXSyGs+5lQSQpcscWiMJUYYpw/j4dCcwZyagllWthbMRtTTRnYiEo2hK9P8f+kU3XJmVu9Pq803WUcRXSEjtEpIqiGmugKtVAbMSTRA3pCz86d8+i8OK+L1oKznDlEP+C8fQJ/lJA4</latexit>
F
<latexit sha1_base64="8Cucg9Mlhk/MsPmpogJrlZPr4uY=">AAAB73icdVBNSwMxEM3Wr1q/qh69BIvgadlUse2t4MVjBVsL7VKyabYNzWbXZFYoS/+EFw+KePXv ePPfmG0rqOiDgcd7M8zMCxIpDHjeh1NYWV1b3yhulra2d3b3yvsHHROnmvE2i2WsuwE1XArF2yBA8m6iOY0CyW+DyWXu395zbUSsbmCacD+iIyVCwShYqdsPxMgA1YNyxXM9zyOE4JyQ2oVnSaNRr5I6JrllUUFLtAbl9/4wZmnEFTBJjekRLwE/oxoEk3xW6qeGJ5RN6Ij3LFU04sbP5vfO8IlVhjiMtS0FeK5+n8hoZMw0CmxnRGFsfnu5+Jf XSyGs+5lQSQpcscWiMJUYYpw/j4dCcwZyagllWthbMRtTTRnYiEo2hK9P8f+kU3XJmVu9Pq803WUcRXSEjtEpIqiGmugKtVAbMSTRA3pCz86d8+i8OK+L1oKznDlEP+C8fQJ/lJA4</latexit>
•<latexit sha1_base64="8ZpM+BOsh7lr0MvWuFmkBxQO1uA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69L BbBU0iqoMeCF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZemEph0PO+ndLG5tb2Tnm3srd/cHhUPT5pmyTTjLdYIhPdDanhUijeQoGSd1PNaRxK3gknd3O/88S1EYl6xGnKg5iOlIgEo 2ilTj/MpOQ4qNY811uArBO/IDUo0BxUv/rDhGUxV8gkNabneykGOdUomOSzSj8zPKVsQke8Z6miMTdBvjh3Ri6sMiRRom0pJAv190ROY2OmcWg7Y4pjs+rNxf+8XobRbZALlWbIFVsuijJJMCHz38lQaM5QTi2hT At7K2FjqilDm1DFhuCvvrxO2nXXv3LrD9e1hlvEUYYzOIdL8OEGGnAPTWgBgwk8wyu8Oanz4rw7H8vWklPMnMIfOJ8/c1uPlA==</latexit>
F
<latexit sha1_base64="3e2SR+khZQkEMt7LVb/fbK7V/Cg=">AAAB73icdVBNSwMxEJ2tX7V+VT16CRbBU9nUYttbwYvHCvYD2qVk02wbms2uSVYoS/+EFw+KePXvePPfmG0rqOiDgcd7M8zM82PBtXHdDye3tr6xuZXfLuzs 7u0fFA+POjpKFGVtGolI9XyimeCStQ03gvVixUjoC9b1p1eZ371nSvNI3ppZzLyQjCUPOCXGSr2Bz8faEDUsltyy67oYY5QRXLt0LWk06hVcRzizLEqwQmtYfB+MIpqETBoqiNZ97MbGS4kynAo2LwwSzWJCp2TM+pZKEjLtpYt75+jMKiMURMqWNGihfp9ISaj1LPRtZ0jMRP/2MvEvr5+YoO6lXMaJYZIuFwWJQCZC2fNoxBWjRswsIVRxeyuiE6IINTaigg3h61P0P+lUyviiXLmplprVVRx5OIFTOAcMNWjCNbSgDRQEPMATPDt3zqPz4rwuW3POauYYfsB5+wS BYpA+</latexit>
•<latexit sha1_base64="QxucQwtK73sjV3bU9Y8FoPLnZok=">AAAB7nicdVDJSgNBEO2JW4xb1KOXxiB4GmZi3G4BLx4jmAWSI fR0apImPT1Dd40QQj7CiwdFvPo93vwbO4vg+qDg8V4VVfXCVAqDnvfu5JaWV1bX8uuFjc2t7Z3i7l7DJJnmUOeJTHQrZAakUFBHgRJaqQYWhxKa4fBq6jfvQBuRqFscpRDErK9EJDhDKzU7YSYlYLdY8txTz7888+lv4rveDCWyQK1bfOv0Ep7FoJBLZkzb91IMxkyj4 BImhU5mIGV8yPrQtlSxGEwwnp07oUdW6dEo0bYU0pn6dWLMYmNGcWg7Y4YD89Obin957Qyji2AsVJohKD5fFGWSYkKnv9Oe0MBRjixhXAt7K+UDphlHm1DBhvD5Kf2fNMquf+KWbyqlamURR54ckENyTHxyTqrkmtRInXAyJPfkkTw5qfPgPDsv89acs5jZJ9/gvH4A1 KWP3A==</latexit>
f2
<latexit sha1_base64="szOyKRmDNYLwbHt5lQj0CNZVp08=">AAAB6 nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7 +weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpIRzUBuWKW3UXIOvEy0kFcjQH5a/+MGZphNIwQbXu eW5i/Iwqw5nAWamfakwom9AR9iyVNELtZ4tTZ+TCKkMSxsqWNGSh/p7IaKT1NApsZ0TNWK96c/E/r5ea8MbPuExSg5ItF4WpICYm87/JkCtkRkwtoU xxeythY6ooMzadkg3BW315nbRrVe+qWruvVxr1PI4inME5XIIH19CAO2hCCxiM4Ble4c0Rzovz7nwsWwtOPnMKf+B8/gDu0Y2F</latexit>
s1
<latexit sha1_base64="O/HaCqXda+vCwweatN5mIsUEdXI=">AAAB6 nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW/ /4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD2bgDcoVt+ouQNaJl5MK5GgOyl/9YczSiCtkkhrT 89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOiMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8MbPhEpS5IotF4WpJBiT+d9kKDRnKKeWUK aFvZWwMdWUoU2nZEPwVl9eJ+1a1buq1u7rlUY9j6MIZ3AOl+DBNTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifPwEqjZE=</latexit>
>"
<latexit sha1_base64="+yXdgndYsGExNUbTB5l0DDKAzy4=">AAAB6 XicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj00mMV+wFtKJvtpF262YTdjVBC/4EXD4p49R9589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu 3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WjmSToR3QoecgZNVZ6qN/2S2W34s5BVomXkzLkaPRLX71BzNIIpWGCat31 3MT4GVWGM4HTYi/VmFA2pkPsWipphNrP5pdOyblVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhjZ9xmaQGJVssClNBTExmb5MBV8iMmFhCme L2VsJGVFFmbDhFG4K3/PIqaVUr3mWlel8t167yOApwCmdwAR5cQw3q0IAmMAjhGV7hzRk7L86787FoXXPymRP4A+fzByM0jQw=</latexit>
•<latexit sha1_base64="QxucQwtK73sjV3bU9Y8FoPLnZok=">AAAB7nicdVDJSgNBEO2JW4xb1KOXxiB4GmZi3G4BLx4jmAWSI fR0apImPT1Dd40QQj7CiwdFvPo93vwbO4vg+qDg8V4VVfXCVAqDnvfu5JaWV1bX8uuFjc2t7Z3i7l7DJJnmUOeJTHQrZAakUFBHgRJaqQYWhxKa4fBq6jfvQBuRqFscpRDErK9EJDhDKzU7YSYlYLdY8txTz7888+lv4rveDCWyQK1bfOv0Ep7FoJBLZkzb91IMxkyj4 BImhU5mIGV8yPrQtlSxGEwwnp07oUdW6dEo0bYU0pn6dWLMYmNGcWg7Y4YD89Obin957Qyji2AsVJohKD5fFGWSYkKnv9Oe0MBRjixhXAt7K+UDphlHm1DBhvD5Kf2fNMquf+KWbyqlamURR54ckENyTHxyTqrkmtRInXAyJPfkkTw5qfPgPDsv89acs5jZJ9/gvH4A1 KWP3A==</latexit>
GS1
<latexit sha1_base64="5fNT7o55lE3Kgg0T1TvFLDYO00E=">AAAB7 XicdVDJSgNBEK1xjXGLevTSmAiehpm43wJePHiIYBZIhtDT6Una9HQP3T1CGPIPXjwo4tX/8ebf2FkE1wcFj/eqqKoXJpxp43nvztz8wuLScm4lv7q 2vrFZ2Nqua5kqQmtEcqmaIdaUM0FrhhlOm4miOA45bYSDi7HfuKNKMyluzDChQYx7gkWMYGOl+lW11PFLnULRc489//zER7+J73oTFGGGaqfw1u5K ksZUGMKx1i3fS0yQYWUY4XSUb6eaJpgMcI+2LBU4pjrIJteO0L5VuiiSypYwaKJ+nchwrPUwDm1njE1f//TG4l9eKzXRWZAxkaSGCjJdFKUcGYnGr6 MuU5QYPrQEE8XsrYj0scLE2IDyNoTPT9H/pF52/UO3fF0uVo5mceRgF/bgAHw4hQpcQhVqQOAW7uERnhzpPDjPzsu0dc6ZzezANzivH3zpjmA=</l atexit>
GS2
<latexit sha1_base64="fJx3BCCKkq04Xir7GUvNiXgpMqY=">AAAB7 XicdVDJSgNBEK1xjXGLevTSmAiehpm43wJePHiIYBZIhtDT6Una9HQP3T1CGPIPXjwo4tX/8ebf2FkE1wcFj/eqqKoXJpxp43nvztz8wuLScm4lv7q 2vrFZ2Nqua5kqQmtEcqmaIdaUM0FrhhlOm4miOA45bYSDi7HfuKNKMyluzDChQYx7gkWMYGOl+lW11CmXOoWi5x57/vmJj34T3/UmKMIM1U7hrd2V JI2pMIRjrVu+l5ggw8owwuko3041TTAZ4B5tWSpwTHWQTa4doX2rdFEklS1h0ET9OpHhWOthHNrOGJu+/umNxb+8VmqisyBjIkkNFWS6KEo5MhKNX0 ddpigxfGgJJorZWxHpY4WJsQHlbQifn6L/Sb3s+odu+bpcrBzN4sjBLuzBAfhwChW4hCrUgMAt3MMjPDnSeXCenZdp65wzm9mBb3BePwB+bo5h</l atexit>
>Q1
<latexit sha1_base64="pl02DSwATT2Y1nwYzqY8vpRDSRg=">AAAB7 XicdVDLSgMxFM3UV62vqks3wVZwVZJRbLsruOmygn1AO5RMmmljM5MhyQhl6D+4caGIW//HnX9jpq2gogcuHM65l3vv8WPBtUHow8mtrW9sbuW3Czu 7e/sHxcOjjpaJoqxNpZCq5xPNBI9Y23AjWC9WjIS+YF1/ep353XumNJfRrZnFzAvJOOIBp8RYqdOU5SEuD4slVEEIYYxhRnD1CllSr9dcXIM4syxK YIXWsPg+GEmahCwyVBCt+xjFxkuJMpwKNi8MEs1iQqdkzPqWRiRk2ksX187hmVVGMJDKVmTgQv0+kZJQ61no286QmIn+7WXiX14/MUHNS3kUJ4ZFdL koSAQ0EmavwxFXjBoxs4RQxe2tkE6IItTYgAo2hK9P4f+k41bwRcW9cUuNy1UceXACTsE5wKAKGqAJWqANKLgDD+AJPDvSeXRenNdla85ZzRyDH3D ePgGTt45v</latexit> >Q2
<latexit sha1_base64="HhO0n0s/T6lymX+qMxBFOeM3rMs=">AAAB7 XicdVDLSgMxFM3UV62vqks3wVZwVZJRbLsruOmygn1AO5RMmmljM5MhyQhl6D+4caGIW//HnX9jpq2gogcuHM65l3vv8WPBtUHow8mtrW9sbuW3Czu 7e/sHxcOjjpaJoqxNpZCq5xPNBI9Y23AjWC9WjIS+YF1/ep353XumNJfRrZnFzAvJOOIBp8RYqdOU5aFbHhZLqIIQwhjDjODqFbKkXq+5uAZxZlmU wAqtYfF9MJI0CVlkqCBa9zGKjZcSZTgVbF4YJJrFhE7JmPUtjUjItJcurp3DM6uMYCCVrcjAhfp9IiWh1rPQt50hMRP928vEv7x+YoKal/IoTgyL6H JRkAhoJMxehyOuGDViZgmhittbIZ0QRaixARVsCF+fwv9Jx63gi4p745Yal6s48uAEnIJzgEEVNEATtEAbUHAHHsATeHak8+i8OK/L1pyzmjkGP+C 8fQKVPI5w</latexit>
U#jV
<latexit sha1_base64="zDfvL6qNHOjYDQDLSvS9NRqWG+E=">AAAB6 3icbVBNS8NAEJ3Ur1q/qh69LBahXkqSCnosePFYwdZCG8pmu2mX7m7C7kYooX/BiwdFvPqHvPlv3LQ5aOuDgcd7M8zMCxPOtHHdb6e0sbm1vVPerez tHxweVY9PujpOFaEdEvNY9UKsKWeSdgwznPYSRbEIOX0Mp7e5//hElWaxfDCzhAYCjyWLGMEml+ph83JYrbkNdwG0TryC1KBAe1j9GoxikgoqDeFY 677nJybIsDKMcDqvDFJNE0ymeEz7lkosqA6yxa1zdGGVEYpiZUsatFB/T2RYaD0Toe0U2Ez0qpeL/3n91EQ3QcZkkhoqyXJRlHJkYpQ/jkZMUWL4zB JMFLO3IjLBChNj46nYELzVl9dJ1294zYZ/79daV0UcZTiDc6iDB9fQgjtoQwcITOAZXuHNEc6L8+58LFtLTjFzCn/gfP4A/BmNfg==</latexit>
S0a
<latexit sha1_base64="uvWY6vQRA23qh6XbrOLeJWmW2EE=">AAAB7 HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2lpoY9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7 u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj65n/8IRK81jem0mCfkSHkoecUWOl1l2fPrr9csWtunOQVeLlpAI5mv3yV28QszRCaZig Wnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+bFTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU145WdcJqlByRaLwlQQE5PZ52TAFTIjJp ZQpri9lbARVZQZm0/JhuAtv7xK2rWqd1Gt3dYrjXoeRxFO4BTOwYNLaMANNKEFDDg8wyu8OdJ5cd6dj0VrwclnjuEPnM8fPMeOQw==</latexit>
S0r
<latexit sha1_base64="7a5MRobUnCxxrKlSi4OUC1tcnJk=">AAAB7 HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2lpoY9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7 u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj65n/8IRK81jem0mCfkSHkoecUWOl1l1fPbr9csWtunOQVeLlpAI5mv3yV28QszRCaZig Wnc9NzF+RpXhTOC01Es1JpSN6RC7lkoaofaz+bFTcmaVAQljZUsaMld/T2Q00noSBbYzomakl72Z+J/XTU145WdcJqlByRaLwlQQE5PZ52TAFTIjJp ZQpri9lbARVZQZm0/JhuAtv7xK2rWqd1Gt3dYrjXoeRxFO4BTOwYNLaMANNKEFDDg8wyu8OdJ5cd6dj0VrwclnjuEPnM8fVq2OVA==</latexit>
•<latexit sha1_base64="+NuyRR/x6FW7EY3RV0uimCB8Pus=">AAAB7nicdVDLSsNAFL3xWeur6tLNYBFchaQP2uwKblxWsA9oQ5lMJ+3QySTMTIQS+hFuX Cji1u9x5984aSuo6IELh3Pu5d57goQzpR3nw9rY3Nre2S3sFfcPDo+OSyenXRWnktAOiXks+wFWlDNBO5ppTvuJpDgKOO0Fs+vc791TqVgs7vQ8oX6EJ4KFjGBtpN4wSDmnelQqO7bXrNerTeTYjuNVvIYhnue5DRe5RslRhjXao9L7cByTNKJCE46VGrhOov0MS80Ip4viMFU0wWSGJ3RgqMARVX62PHeBLo0yRmEsTQmNl ur3iQxHSs2jwHRGWE/Vby8X//IGqQ6bfsZEkmoqyGpRmHKkY5T/jsZMUqL53BBMJDO3IjLFEhNtEiqaEL4+Rf+TbsV2q3bltlZu1dZxFOAcLuAKXGhAC26gDR0gMIMHeIJnK7EerRfrddW6Ya1nzuAHrLdPB4CP/w==</latexit>
GS2 +MMQi b22 M/ 2tTHBM 7M
<latexit sha1_base64="TbEcWIIh+hIpIxz8dmSc1/nk+XM=">AAACEnicdVBNSyNBEO3x26wfUY9eGuPCegkzYzB6E7x48JAFo0ISQk2nRht7eobuGjEM+Q1e/Ct ePCji1ZM3/832aIRdcR8UPN6roqpelClpyfffvInJqemZ2bn5yo+FxaXl6srqiU1zI7AtUpWaswgsKqmxTZIUnmUGIYkUnkaXB6V/eoXGylQf0zDDXgLnWsZSADmpX93qEl5TFBdHrc1+uMkFaJ0St4gc9IDjdaZAah7rUb9a8+t7uzthY4f7dd9vBmFQkrDZ2G7wwCklamyMVr/62h2kIk9Qk1BgbSfwM+oVYEgKhaNKN7eYgbiEc+w4qiF B2yveXxrxn04Z8Dg1rjTxd/XviQISa4dJ5DoToAv71SvF77xOTvFur5A6ywm1+FgU54pTyst8+EAaFKSGjoAw0t3KxQUYEORSrLgQPj/l/ycnYT3Yroe/w9p+YxzHHFtnG+wXC1iT7bND1mJtJtgNu2MP7NG79e69J+/5o3XCG8+ssX/gvfwBNfGdKQ==</latexit>
U+jV
<latexit sha1_base64="WbWWy6r/UuZ+iVsYD/+PlSg/vm8=">AAAB6 3icbVBNS8NAEJ3Ur1q/qh69LBahXkqSCnosePFYwdZCG8pmu2mX7m7C7kYooX/BiwdFvPqHvPlv3LQ5aOuDgcd7M8zMCxPOtHHdb6e0sbm1vVPerez tHxweVY9PujpOFaEdEvNY9UKsKWeSdgwznPYSRbEIOX0Mp7e5//hElWaxfDCzhAYCjyWLGMEml+qkeTms1tyGuwBaJ15BalCgPax+DUYxSQWVhnCs dd/zExNkWBlGOJ1XBqmmCSZTPKZ9SyUWVAfZ4tY5urDKCEWxsiUNWqi/JzIstJ6J0HYKbCZ61cvF/7x+aqKbIGMySQ2VZLkoSjkyMcofRyOmKDF8Zg kmitlbEZlghYmx8VRsCN7qy+uk6ze8ZsO/92utqyKOMpzBOdTBg2towR20oQMEJvAMr/DmCOfFeXc+lq0lp5g5hT9wPn8A/Z+Nfw==</latexit>
F
<latexit sha1_base64="8Cucg9Mlhk/MsPmpogJrlZPr4uY=">AAAB73icdVBNSwMxEM3Wr1q/qh69BIvgadlUse2t4MVjBVsL7VKyabYNzWbXZFYoS/+EFw+KeP XvePPfmG0rqOiDgcd7M8zMCxIpDHjeh1NYWV1b3yhulra2d3b3yvsHHROnmvE2i2WsuwE1XArF2yBA8m6iOY0CyW+DyWXu395zbUSsbmCacD+iIyVCwShYqdsPxMgA1YNyxXM9zyOE4JyQ2oVnSaNRr5I6JrllUUFLtAbl9/4wZmnEFTBJjekRLwE/oxoEk3xW6qeGJ5RN6Ij3LFU04sbP5vfO8IlVhjiMtS0FeK5+n8hoZMw0CmxnRGFs fnu5+JfXSyGs+5lQSQpcscWiMJUYYpw/j4dCcwZyagllWthbMRtTTRnYiEo2hK9P8f+kU3XJmVu9Pq803WUcRXSEjtEpIqiGmugKtVAbMSTRA3pCz86d8+i8OK+L1oKznDlEP+C8fQJ/lJA4</latexit>
F
<latexit sha1_base64="8Cucg9Mlhk/MsPmpogJrlZPr4uY=">AAAB73icdVBNSwMxEM3Wr1q/qh69BIvgadlUse2t4MVjBVsL7VKyabYNzWbXZFYoS/+EFw+KePXv ePPfmG0rqOiDgcd7M8zMCxIpDHjeh1NYWV1b3yhulra2d3b3yvsHHROnmvE2i2WsuwE1XArF2yBA8m6iOY0CyW+DyWXu395zbUSsbmCacD+iIyVCwShYqdsPxMgA1YNyxXM9zyOE4JyQ2oVnSaNRr5I6JrllUUFLtAbl9/4wZmnEFTBJjekRLwE/oxoEk3xW6qeGJ5RN6Ij3LFU04sbP5vfO8IlVhjiMtS0FeK5+n8hoZMw0CmxnRGFsfnu5+Jf XSyGs+5lQSQpcscWiMJUYYpw/j4dCcwZyagllWthbMRtTTRnYiEo2hK9P8f+kU3XJmVu9Pq803WUcRXSEjtEpIqiGmugKtVAbMSTRA3pCz86d8+i8OK+L1oKznDlEP+C8fQJ/lJA4</latexit>
•<latexit sha1_base64="8ZpM+BOsh7lr0MvWuFmkBxQO1uA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69L BbBU0iqoMeCF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZemEph0PO+ndLG5tb2Tnm3srd/cHhUPT5pmyTTjLdYIhPdDanhUijeQoGSd1PNaRxK3gknd3O/88S1EYl6xGnKg5iOlIgEo 2ilTj/MpOQ4qNY811uArBO/IDUo0BxUv/rDhGUxV8gkNabneykGOdUomOSzSj8zPKVsQke8Z6miMTdBvjh3Ri6sMiRRom0pJAv190ROY2OmcWg7Y4pjs+rNxf+8XobRbZALlWbIFVsuijJJMCHz38lQaM5QTi2hT At7K2FjqilDm1DFhuCvvrxO2nXXv3LrD9e1hlvEUYYzOIdL8OEGGnAPTWgBgwk8wyu8Oanz4rw7H8vWklPMnMIfOJ8/c1uPlA==</latexit>
F
<latexit sha1_base64="3e2SR+khZQkEMt7LVb/fbK7V/Cg=">AAAB73icdVBNSwMxEJ2tX7V+VT16CRbBU9nUYttbwYvHCvYD2qVk02wbms2uSVYoS/+EFw+KePXvePPfmG0rqOiDgcd7M8zM82PBtXHdDye3tr6xuZXfLuzs 7u0fFA+POjpKFGVtGolI9XyimeCStQ03gvVixUjoC9b1p1eZ371nSvNI3ppZzLyQjCUPOCXGSr2Bz8faEDUsltyy67oYY5QRXLt0LWk06hVcRzizLEqwQmtYfB+MIpqETBoqiNZ97MbGS4kynAo2LwwSzWJCp2TM+pZKEjLtpYt75+jMKiMURMqWNGihfp9ISaj1LPRtZ0jMRP/2MvEvr5+YoO6lXMaJYZIuFwWJQCZC2fNoxBWjRswsIVRxeyuiE6IINTaigg3h61P0P+lUyviiXLmplprVVRx5OIFTOAcMNWjCNbSgDRQEPMATPDt3zqPz4rwuW3POauYYfsB5+wS BYpA+</latexit>
•<latexit sha1_base64="QxucQwtK73sjV3bU9Y8FoPLnZok=">AAAB7nicdVDJSgNBEO2JW4xb1KOXxiB4GmZi3G4BLx4jmAWSI fR0apImPT1Dd40QQj7CiwdFvPo93vwbO4vg+qDg8V4VVfXCVAqDnvfu5JaWV1bX8uuFjc2t7Z3i7l7DJJnmUOeJTHQrZAakUFBHgRJaqQYWhxKa4fBq6jfvQBuRqFscpRDErK9EJDhDKzU7YSYlYLdY8txTz7888+lv4rveDCWyQK1bfOv0Ep7FoJBLZkzb91IMxkyj4 BImhU5mIGV8yPrQtlSxGEwwnp07oUdW6dEo0bYU0pn6dWLMYmNGcWg7Y4YD89Obin957Qyji2AsVJohKD5fFGWSYkKnv9Oe0MBRjixhXAt7K+UDphlHm1DBhvD5Kf2fNMquf+KWbyqlamURR54ckENyTHxyTqrkmtRInXAyJPfkkTw5qfPgPDsv89acs5jZJ9/gvH4A1 KWP3A==</latexit>
f2
<latexit sha1_base64="szOyKRmDNYLwbHt5lQj0CNZVp08=">AAAB6 nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7 +weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpIRzUBuWKW3UXIOvEy0kFcjQH5a/+MGZphNIwQbXu eW5i/Iwqw5nAWamfakwom9AR9iyVNELtZ4tTZ+TCKkMSxsqWNGSh/p7IaKT1NApsZ0TNWK96c/E/r5ea8MbPuExSg5ItF4WpICYm87/JkCtkRkwtoU xxeythY6ooMzadkg3BW315nbRrVe+qWruvVxr1PI4inME5XIIH19CAO2hCCxiM4Ble4c0Rzovz7nwsWwtOPnMKf+B8/gDu0Y2F</latexit>
s1
<latexit sha1_base64="O/HaCqXda+vCwweatN5mIsUEdXI=">AAAB6 nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW/ /4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD2bgDcoVt+ouQNaJl5MK5GgOyl/9YczSiCtkkhrT 89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOiMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8MbPhEpS5IotF4WpJBiT+d9kKDRnKKeWUK aFvZWwMdWUoU2nZEPwVl9eJ+1a1buq1u7rlUY9j6MIZ3AOl+DBNTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifPwEqjZE=</latexit>
>"
<latexit sha1_base64="+yXdgndYsGExNUbTB5l0DDKAzy4=">AAAB6 XicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj00mMV+wFtKJvtpF262YTdjVBC/4EXD4p49R9589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu 3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WjmSToR3QoecgZNVZ6qN/2S2W34s5BVomXkzLkaPRLX71BzNIIpWGCat31 3MT4GVWGM4HTYi/VmFA2pkPsWipphNrP5pdOyblVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhjZ9xmaQGJVssClNBTExmb5MBV8iMmFhCme L2VsJGVFFmbDhFG4K3/PIqaVUr3mWlel8t167yOApwCmdwAR5cQw3q0IAmMAjhGV7hzRk7L86787FoXXPymRP4A+fzByM0jQw=</latexit>GS1
<latexit sha1_base64="5fNT7o55lE3Kgg0T1TvFLDYO00E=">AAAB7 XicdVDJSgNBEK1xjXGLevTSmAiehpm43wJePHiIYBZIhtDT6Una9HQP3T1CGPIPXjwo4tX/8ebf2FkE1wcFj/eqqKoXJpxp43nvztz8wuLScm4lv7q 2vrFZ2Nqua5kqQmtEcqmaIdaUM0FrhhlOm4miOA45bYSDi7HfuKNKMyluzDChQYx7gkWMYGOl+lW11PFLnULRc489//zER7+J73oTFGGGaqfw1u5K ksZUGMKx1i3fS0yQYWUY4XSUb6eaJpgMcI+2LBU4pjrIJteO0L5VuiiSypYwaKJ+nchwrPUwDm1njE1f//TG4l9eKzXRWZAxkaSGCjJdFKUcGYnGr6 MuU5QYPrQEE8XsrYj0scLE2IDyNoTPT9H/pF52/UO3fF0uVo5mceRgF/bgAHw4hQpcQhVqQOAW7uERnhzpPDjPzsu0dc6ZzezANzivH3zpjmA=</l atexit>
GS2
<latexit sha1_base64="fJx3BCCKkq04Xir7GUvNiXgpMqY=">AAAB7 XicdVDJSgNBEK1xjXGLevTSmAiehpm43wJePHiIYBZIhtDT6Una9HQP3T1CGPIPXjwo4tX/8ebf2FkE1wcFj/eqqKoXJpxp43nvztz8wuLScm4lv7q 2vrFZ2Nqua5kqQmtEcqmaIdaUM0FrhhlOm4miOA45bYSDi7HfuKNKMyluzDChQYx7gkWMYGOl+lW11CmXOoWi5x57/vmJj34T3/UmKMIM1U7hrd2V JI2pMIRjrVu+l5ggw8owwuko3041TTAZ4B5tWSpwTHWQTa4doX2rdFEklS1h0ET9OpHhWOthHNrOGJu+/umNxb+8VmqisyBjIkkNFWS6KEo5MhKNX0 ddpigxfGgJJorZWxHpY4WJsQHlbQifn6L/Sb3s+odu+bpcrBzN4sjBLuzBAfhwChW4hCrUgMAt3MMjPDnSeXCenZdp65wzm9mBb3BePwB+bo5h</l atexit>
>Q1
<latexit sha1_base64="pl02DSwATT2Y1nwYzqY8vpRDSRg=">AAAB7 XicdVDLSgMxFM3UV62vqks3wVZwVZJRbLsruOmygn1AO5RMmmljM5MhyQhl6D+4caGIW//HnX9jpq2gogcuHM65l3vv8WPBtUHow8mtrW9sbuW3Czu 7e/sHxcOjjpaJoqxNpZCq5xPNBI9Y23AjWC9WjIS+YF1/ep353XumNJfRrZnFzAvJOOIBp8RYqdOU5SEuD4slVEEIYYxhRnD1CllSr9dcXIM4syxK YIXWsPg+GEmahCwyVBCt+xjFxkuJMpwKNi8MEs1iQqdkzPqWRiRk2ksX187hmVVGMJDKVmTgQv0+kZJQ61no286QmIn+7WXiX14/MUHNS3kUJ4ZFdL koSAQ0EmavwxFXjBoxs4RQxe2tkE6IItTYgAo2hK9P4f+k41bwRcW9cUuNy1UceXACTsE5wKAKGqAJWqANKLgDD+AJPDvSeXRenNdla85ZzRyDH3D ePgGTt45v</latexit> >Q2
<latexit sha1_base64="HhO0n0s/T6lymX+qMxBFOeM3rMs=">AAAB7 XicdVDLSgMxFM3UV62vqks3wVZwVZJRbLsruOmygn1AO5RMmmljM5MhyQhl6D+4caGIW//HnX9jpq2gogcuHM65l3vv8WPBtUHow8mtrW9sbuW3Czu 7e/sHxcOjjpaJoqxNpZCq5xPNBI9Y23AjWC9WjIS+YF1/ep353XumNJfRrZnFzAvJOOIBp8RYqdOU5aFbHhZLqIIQwhjDjODqFbKkXq+5uAZxZlmU wAqtYfF9MJI0CVlkqCBa9zGKjZcSZTgVbF4YJJrFhE7JmPUtjUjItJcurp3DM6uMYCCVrcjAhfp9IiWh1rPQt50hMRP928vEv7x+YoKal/IoTgyL6H JRkAhoJMxehyOuGDViZgmhittbIZ0QRaixARVsCF+fwv9Jx63gi4p745Yal6s48uAEnIJzgEEVNEATtEAbUHAHHsATeHak8+i8OK/L1pyzmjkGP+C 8fQKVPI5w</latexit>
S0a
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Figure 5: (Top part) Rationale behind bursting classifications: that of Rinzel, Izhikevich, Golubit-
sky et al., respectively, as well as the folded-node bursting approach proposed in this paper. (Main
part (ai)-(ci), i=1,2,3) An exemplary folded-node bursting scenario, namely folded-node-homoclinic
bursting, is shown in (a2)-(c2) in different 3D phase-space projections; (b2) is a zoomed view of (a2)
where the critical manifold S0 has been replaced by attracting Saε and repelling S
r
ε slow manifolds
in the vicinity of the folded node (dot). The classical analysis using the approaches of Bertram et
al. / Golubitsky et al. (a3), Rinzel and Izhikevich (b3)-(c3) is based upon the fast subsystem’s
bifurcation structure. The complementary key approach to fully characterize this bursting pattern,
presented in panels (a1)-(c1), uses the slow subsystem and its flow which reveals the presence of
the folded node fn. Note that the fold curve F− of the critical manifold S0 (panel (a2)) is also a
curve of saddle-node bifurcation points (labelled LP in (a1)) of the fast subsystem when both slow
variables are considered as parameters, the same curve used in the singularity theory approach on
panel (a3). (Side part) Full system’s equations as well as the various subsystems, fast and slow,
obtained for ε = 0.
bifurcation LP2 and the homoclinic bifurcation Ho2. In particular, a fold bifurcation (LP2) does
not explain an oscillation. Moreover, a similar argument applies to the Golubitsky approach (see
Figure 5 panel (a3)). This panel displays curves of codimension-one bifurcation points of the fast
subsystem, which meet at codimension-two e.g. a Bogdanov-Takens BT (within a two-dimensional
parameter space). It can then be shown that it is impossible to construct a path for the slow
dynamics (within this two-dimensional parameter space), in particular along the homoclinic and
saddle-node curves (since these characterise the bursting in the fast subsystem), which could ex-
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plain folded-node-initiated quiescent phase oscillations. It turns out amongst all possible folded
singularities, only folded nodes (and in limiting cases, so-called folded saddle-nodes) can generate
such robust small-amplitude oscillations in the full system, and this is due to the twisting of nearby
attracting and repelling slow manifolds. The key message is that these folded-node singularities
only appear in the slow limit of the underlying two-slow-two-fast bursting systems and are invisible
in the fast limit. Therefore one must consider both fast and slow subsystems in order to fully
characterise the novel bursting scenarios associated with folded-node singularities, which leads us
to a novel bursting classification system (see Figure 5 top panel in blue for the new framework). We
believe these insights will fuel subsequent developments in higher dimensional multi-scale systems.
As hinted above, there are emergent slow dynamical mechanisms (captured by slow variables)
that are blind to the state-of-the-art classification and thus this suggests the need to extend the
classification of bursting oscillations. An example of such emergent slow dynamics is the so-called
folded node and, in a minimal setting, it emerges due to non-trivial interactions between two slow
variables. Indeed, herein we focus on new classes of bursting oscillations modelled via slow-fast
systems with (at least) two slow variables and (at least) two fast variables and for which some
epochs of the oscillatory time-series is explained by folded-node dynamics. This underlying folded-
node signature leads us to name the resulting new classes of bursting models, folded-node bursters.
Three fundamental cases are envisaged. The first case are bursters characterised by small-amplitude
oscillations that occur during the quiescence phase, in which case we will refer to the classical folded-
node bursting scenario. The second case involves slow-amplitude modulation of the burst, which
we will denote as the cyclic folded-node bursting scenario. The third case, combines classical folded-
node and cyclic folded-node. These classes of bursting patterns involve both the fast subsystem
and the slow subsystem of the model, unlike traditional bursters. A second key aspect of these
new classes is the central role played by canards, namely, spike-adding canard cycles involved in
the classical folded-node bursting case, and torus canards in the cyclic folded-node bursting case.
In the following subsections, we describe in details these two scenarios.
3.2 Classical folded-node case
Here we propose several bursting oscillations mediated by a classical folded node and the modelling
steps of underlying idealized models are given. To guide the reader towards a modelling strategy
of these systems, we first recall key concepts and mechanisms.
3.2.1 A necessary preliminary step: spike-adding canard explosion
First, recall that canards are non-trivial trajectories that emerge due timescale separation and
unexpectedly, these trajectories contain segments that follow both an attracting and a repelling slow
manifold. This phenomenon has been thoroughly studied in planar systems (i.e. with 1 slow variable
and 1 fast variable) [4, 17, 18, 32, 36], as well as, in 3D systems with two slow variables [3, 10, 58].
In applications, canards can be associated to complex (bio)physical mechanisms, for example in
neuroscience it provides the best approximation to the excitability threshold in certain single-neuron
models. This observation was first made by Izhikevich [28], who showed that canards organise
the transition to the spiking regime of type II neurons. This was later analysed in more details
in [9, 15, 59]. Yet another important mechanism is the so-called spike-adding canard explosion. This
canard phenomenon arises in bursting oscillations and can be described as a sequence of canard
explosions which organise the transition from subthreshold oscillations to bursting solutions with
more and more spikes per bursts. This phenomenon was first described and analysed (in the case
of chaotic dynamics regime) in [52] in the context of square-wave bursting. This was revisited
more recently in [22] from the computational standpoint of saddle-type slow manifolds and further
described in [40] in a modeling context to explain transient spikes. These analyses were later
refined (from a canard standpoint) in [12] and the canard-mediated spike-adding dynamics was
fully analysed in [14] in the context of parabolic bursters (with two slow variables), revealing the
central role of folded-saddle canards. Noteworthy, bursting oscillations that possess spike-adding
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mechanism is a limiting (border line) case that already hints to the importance of possibly including
the analysis of the slow flow in a bursting classification framework. That is, spike-adding requires
a turning point of the slow flow, a so-called canard point, whereby each new added spike (within
the bursting phase) is born via a slow (delayed) passage through this turning point. Crucially,
the fast subsystem is blind to the underlying canard trajectories occurring near the turning point
(well-defined as such only in the slow flow) and instead only sees a fold bifurcation. Therefore
the state-of-the-art bursting classification systems does not capture this aspect. Nevertheless, we
refrain from declaring this phenomenon as a new bursting mechanism because a spike-adding canard
explosion gives rise to canard cycles that exist only within exponentially thin parameter regions.
Hence, the robust dynamics is the fold-initiated bursting dynamics, and the fast subsystem analysis
still prevail in order to classify it. In contrast, if we consider a fold-initiated bursting scenario
undergoing spike-adding canard explosion and if we further add a slow dynamics for the parameter
that displays the spike-adding canard explosion (i.e. a second slow variable in the extended model)
then we obtain a folded-node bursting system. This has a similar effect to the case in classical (van
der Pol type) systems where the canard phenomenon becomes robust if one adds a second slow
variable, which has the effect of creating a folded singularity in the resulting two-dimensional slow
flow and allows for multiple canard trajectories to exist. The idea here is similar, but with two fast
variables, allowing for bursting dynamics in conjunction with folded-node dynamics. A first example
of this scenario was termed mixed-mode bursting oscillations in [12] but we prefer to denote it more
generally folded-node bursting. Indeed, folded-node bursting is a new form of bursting pattern
with two slow variables where the silent phase contains small-amplitude (subthreshold) oscillations
due to the presence of a folded node in the slow subsystem. This folded node is responsible for the
presence of a funnel region in the full system and trajectories entering this funnel make a number
of rotations (which can be controlled by adjusting parameters) before they leave it and start to
burst. Hence, the passage through the folded-node funnel organises the transition from quiescence
to burst and it can only be understood by suitably analysing the slow subsystem. We subsequently
describe a strategy for constructing folded-node bursting systems.
3.2.2 Construction of minimal folded-node bursting systems
As a staring point, we consider the prototypical fold-initiated burster of Hindmarsh-Rose type.
By this we mean a three-dimensional slow-fast system with two fast variables and one slow and a
cubic-shaped family of equilibria in the fast subsystem, namely the critical manifold S0. We can
write the following set of differential equations (using the fast time τ) to describe the dynamics of
such a system
x′ = y − f(x) + az,
y′ = g(x)− y,
z′ = ε(αx+ γβ − δz),
(3)
where f is a cubic polynomial function, g is (at least) quadratic; moreover, 0< ε 1 is a small
parameter and (a, α, β, γ, δ) are potential bifurcation parameters; why we use a product of two
parameters in the z equation will become clear in the next section. As we shall see in the ex-
ample section to follow, one can also obtain all fold-initiated scenarios by using an unfolding of a
codimension-3 degenerate Bogdanov-Takens (BT) bifurcation; see [16] for details.
A few assumptions are required in order for the system (3) to display fold-initiated bursting.
First of all, we assume that f and g are adequately chosen so that the fast subsystem has a cubic-
shaped family of equilibria that depends on z as a parameter (for the fast subsystem). This family
can be written as a cubic function:
z = (f(x)− g(x)) /a.
Therefore, the corresponding bifurcation diagram (of the fast subsystem) in z is S-shaped and will
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have fold points. The critical manifold is then given by
S0 :=
{
(x, y, z) ∈ R3 / y = g(x) , z = (f(x)− y) /a} . (4)
We also require bistability in the fast subsystem between equilibria and limit cycles, in an interval
of z-values. One bound of this interval correspond to a fold bifurcation and, geometrically, to one
fold point of the cubic family of equilibria. The other boundary of the region of bistability of the
fast subsystem will be a bifurcation of limit cycles and we shall consider three main cases, namely,
saddle-homoclinic bifurcation (see Fig. 6), Hopf bifurcation (see Fig. 7) and fold bifurcation of cycles
(see Fig. 8), but the list is not exhaustive. Now, considering the linear slow dynamics of system (3)
for the slow variable z, we assume that a variation of one of the two parameters α and β in the
full system induces the linear z-nullsurface to cut through the fold point of the critical manifold
S0 for a certain value of this parameter. One can show that this creates a Hopf bifurcation in the
full system which induces limit cycles to appear. Provided this transversal cut of the z-nullsurface
with the critical manifold takes place, then a spike-adding canard explosion will emerge, whereby
bursting solutions appear from subthreshold (spikeless) periodic solutions along branch of limit
cycles undergoing multiple canard explosions; see [12] for an example of this phenomenon in the
context of square-wave bursting. As explained in the previous section, one salient feature of the
spike-adding canard explosion is the presence of a turning point (a canard point) in the slow flow
of system (3). To compute the slow-flow, we first rescale time in (3) by a factor ε. That is, we
rescale the fast time τ (with x′ = dx/dτ) into the slow time t defined by t = ετ . This bring the
system to the slow-time parametrisation
εx˙ = y − f(x) + z,
εy˙ = g(x)− y,
z˙ = (αx+ γβ − δz),
(5)
whose ε = 0 limit corresponds to the slow subsystem. The slow subsystem is a differential-algebraic
equation (DAE), where the dynamics of z is explicitly preserved while x and y are slaved to z by
the algebraic constraints that corresponds to the equation of the (here one-dimensional) critical
manifold S0. The dynamics of x and y can be revealed by differentiating the algebraic constraint
with respect to the slow time, which gives after rearranging the following one-dimensional dynamical
system defined on S0
x˙ = a
αx+ γβ − δz
f ′(x)− g′(x) . (6)
As is typical in slow-fast systems with folded critical manifolds, note that the denominator of
the right-hand side of (6) vanishes at fold points of S0, which makes generically the dynamics of x
explode and the corresponding fold point is referred to as a jump point. However, if the numerator
has a zero of the same order as the denominator, then there can be a cancellation and the dynamics
of x does not explode; in this case, the fold point is referred to as a canard point or a turning point.
The condition for a canard point to occur in this system is given by the following condition:
zf = (αxf + γβ)/δ, (7)
where (xf , zf ) is a fold point of S
0. This indeed gives a transversal crossing of the slow nullsurface
with the critical manifold at one of its fold points. Even though (7) depends on several parameters,
it is a codimension-1 condition, therefore by fixing all parameters but one, then the condition can
be satisfied by adjusting the last parameter. We arbitrarily choose to vary β, which will become
a second slow variable in the full 4D folded-node bursting system that we will construct below.
Therefore, the spike-adding transitions leading to bursting in system (3) are obtained as the result
of the slow nullsurface moving though one fold point of the critical manifold upon variation of β.
The same dynamics would be obtained by varying a parameter affecting the critical manifold while
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<latexit sha1_base64="ysrs GjVgFwk8YcswFftirwZqIWs=">AAAB6HicbVBNS8NAEJ3Ur1q/q h69LFbBU0mqoMeCF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/J m//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+f CoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem 0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmq dderJcbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzq0yIGGsbEl D5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYj L7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqu15lWlf pbHUYQTOIUL8OAa6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEP nM8fc+GMnA==</latexit>
1
<latexit sha1_base64="cO9L tQxoDdo6Ect+WoRnk/IlGqo=">AAAB6HicbVBNS8NAEJ3Ur1q/q h69LFbBU0mqoMeCF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/J m//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+f CoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem 0mCfkSHkoecUWOlptcvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmq dderJcbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzq0yIGGsbEl D5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYj L7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqu15lWlf pbHUYQTOIUL8OAa6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEP nM8fdWWMnQ==</latexit>
z
<latexit sha1_base64="bOMq CeNlWF+cSZi3mBGMpWx1f6s=">AAAB6HicbVDLTgJBEOzFF+IL9 ehlIpp4Iiya6JHEi0dI5JHAhswOvTAyO7uZmTXBDV/gxYPGePWT vPk3DrAHBSvppFLVne4uPxZcm0rl28mtrW9sbuW3Czu7e/sHxc Ojlo4SxbDJIhGpjk81Ci6xabgR2IkV0tAX2PbHtzO//YhK80jem 0mMXkiHkgecUWOlxlO/WKqUK3OQVeJmpAQZ6v3iV28QsSREaZig Wnfdamy8lCrDmcBpoZdojCkb0yF2LZU0RO2l80On5NwqAxJEypY 0ZK7+nkhpqPUk9G1nSM1IL3sz8T+vm5jgxku5jBODki0WBYkgJi Kzr8mAK2RGTCyhTHF7K2EjqigzNpuCDcFdfnmVtKpl97JcbVyVa mdZHHk4gVO4ABeuoQZ3UIcmMEB4hld4cx6cF+fd+Vi05pxs5hj+ wPn8AeQJjOY=</latexit>
x
<latexit sha1 _base64="MZZ9TFd9CgP2Gh7VX O9h0G60u3s=">AAAB6HicbVDL TgJBEOzFF+IL9ehlIpp4Iiya6 JHEi0dI5JHAhswOvTAyO7uZmTW SDV/gxYPGePWTvPk3DrAHBSvp pFLVne4uPxZcm0rl28mtrW9sbu W3Czu7e/sHxcOjlo4SxbDJIhG pjk81Ci6xabgR2IkV0tAX2PbHt zO//YhK80jem0mMXkiHkgecUW OlxlO/WKqUK3OQVeJmpAQZ6v3 iV28QsSREaZigWnfdamy8lCrDm cBpoZdojCkb0yF2LZU0RO2l80 On5NwqAxJEypY0ZK7+nkhpqPUk 9G1nSM1IL3sz8T+vm5jgxku5j BODki0WBYkgJiKzr8mAK2RGTCy hTHF7K2EjqigzNpuCDcFdfnmV tKpl97JcbVyVamdZHHk4gVO4A BeuoQZ3UIcmMEB4hld4cx6cF+f d+Vi05pxs5hj+wPn8AeEBjOQ= </latexit>
x
<latexit sha1_base64="MZZ9 TFd9CgP2Gh7VXO9h0G60u3s=">AAAB6HicbVDLTgJBEOzFF+IL9 ehlIpp4Iiya6JHEi0dI5JHAhswOvTAyO7uZmTWSDV/gxYPGePWT vPk3DrAHBSvppFLVne4uPxZcm0rl28mtrW9sbuW3Czu7e/sHxc Ojlo4SxbDJIhGpjk81Ci6xabgR2IkV0tAX2PbHtzO//YhK80jem 0mMXkiHkgecUWOlxlO/WKqUK3OQVeJmpAQZ6v3iV28QsSREaZig Wnfdamy8lCrDmcBpoZdojCkb0yF2LZU0RO2l80On5NwqAxJEypY 0ZK7+nkhpqPUk9G1nSM1IL3sz8T+vm5jgxku5jBODki0WBYkgJi Kzr8mAK2RGTCyhTHF7K2EjqigzNpuCDcFdfnmVtKpl97JcbVyVa mdZHHk4gVO4ABeuoQZ3UIcmMEB4hld4cx6cF+fd+Vi05pxs5hj+ wPn8AeEBjOQ=</latexit>>"
<latexit sha1 _base64="8tUaQp97Jn0abJHpm VPTzR5EhLw=">AAAB6XicbVA9 SwNBEJ3zM8avqKXNYhSswl0st AzapIxiPiA5wt5mLlmyt3fs7gn hyD+wsVDE1n9k579xk1yhiQ8G Hu/NMDMvSATXxnW/nbX1jc2t7c JOcXdv/+CwdHTc0nGqGDZZLGL VCahGwSU2DTcCO4lCGgUC28H4b ua3n1BpHstHM0nQj+hQ8pAzaq z0UL/tl8puxZ2DrBIvJ2XI0ei XvnqDmKURSsME1brrVRPjZ1QZz gROi71UY0LZmA6xa6mkEWo/m1 86JRdWGZAwVrakIXP190RGI60n UWA7I2pGetmbif953dSEN37GZ ZIalGyxKEwFMTGZvU0GXCEzYmI JZYrbWwkbUUWZseEUbQje8sur pFWteFeV6n21XDvP4yjAKZzBJ XhwDTWoQwOawCCEZ3iFN2fsvDj vzseidc3JZ07gD5zPHyDkjP4= </latexit>
GS
<latexit sha1 _base64="VLY0nAInG2L3DmBCV /b2OUvgE9g=">AAAB6XicbVA9 T8MwFHwpX6V8FRhZLAoSU5WEA cZKLAwMBVFaqY2Q4760Vh0nsh2 kKuo/YGEAIVb+ERv/BrfNAC0n WTrd3ZPfuzAVXBvX/XZKK6tr6x vlzcrW9s7uXnX/4EEnmWLYYol IVCekGgWX2DLcCOykCmkcCmyHo 6up335CpXki7804xSCmA8kjzq ix0t1N87Fac+vuDGSZeAWpQQG b/+r1E5bFKA0TVOuu56cmyKkyn AmcVHqZxpSyER1g11JJY9RBPt t0Qk6t0idRouyThszU3xM5jbUe x6FNxtQM9aI3Ff/zupmJLoOcy zQzKNn8oygTxCRkejbpc4XMiLE llCludyVsSBVlxpZTsSV4iycv kwe/7p3X/Vu/1jgp6ijDERzDG XhwAQ24hia0gEEEz/AKb87IeXH enY95tOQUM4fwB87nDzwwjRA= </latexit>
>Q
<latexit sha1 _base64="nJDD0Uo+amSbjWvXt VTD7T1C1OU=">AAAB6XicdVBN SwMxEJ2tX7V+VT16CVbBU9msY NtbwUuPVewHtKVk02wbms0uSVY oS/+BFw+KePUfefPfmG0rqOiD gcd7M8zM82PBtXHdDye3tr6xuZ XfLuzs7u0fFA+P2jpKFGUtGol IdX2imeCStQw3gnVjxUjoC9bxp 9eZ37lnSvNI3plZzAYhGUsecE qMlW4b0bBYcsuu62KMUUZw5cq 1pFareriKcGZZlGCF5rD43h9FN AmZNFQQrXvYi80gJcpwKti80E 80iwmdkjHrWSpJyPQgXVw6R+dW GaEgUrakQQv1+0RKQq1noW87Q 2Im+reXiX95vcQE1UHKZZwYJul yUZAIZCKUvY1GXDFqxMwSQhW3 tyI6IYpQY8Mp2BC+PkX/k7ZXx pdl78Yr1c9WceThBE7hAjBUoA4 NaEILKATwAE/w7EydR+fFeV22 5pzVzDH8gPP2CbIOjWE=</late xit>
>Q
<latexit sha1 _base64="nJDD0Uo+amSbjWvXt VTD7T1C1OU=">AAAB6XicdVBN SwMxEJ2tX7V+VT16CVbBU9msY NtbwUuPVewHtKVk02wbms0uSVY oS/+BFw+KePUfefPfmG0rqOiD gcd7M8zM82PBtXHdDye3tr6xuZ XfLuzs7u0fFA+P2jpKFGUtGol IdX2imeCStQw3gnVjxUjoC9bxp 9eZ37lnSvNI3plZzAYhGUsecE qMlW4b0bBYcsuu62KMUUZw5cq 1pFareriKcGZZlGCF5rD43h9FN AmZNFQQrXvYi80gJcpwKti80E 80iwmdkjHrWSpJyPQgXVw6R+dW GaEgUrakQQv1+0RKQq1noW87Q 2Im+reXiX95vcQE1UHKZZwYJul yUZAIZCKUvY1GXDFqxMwSQhW3 tyI6IYpQY8Mp2BC+PkX/k7ZXx pdl78Yr1c9WceThBE7hAjBUoA4 NaEILKATwAE/w7EydR+fFeV22 5pzVzDH8gPP2CbIOjWE=</late xit>
GS
<latexit sha1_base64="VLY0 nAInG2L3DmBCV/b2OUvgE9g=">AAAB6XicbVA9T8MwFHwpX6V8F RhZLAoSU5WEAcZKLAwMBVFaqY2Q4760Vh0nsh2kKuo/YGEAIVb+ ERv/BrfNAC0nWTrd3ZPfuzAVXBvX/XZKK6tr6xvlzcrW9s7uXn X/4EEnmWLYYolIVCekGgWX2DLcCOykCmkcCmyHo6up335CpXki7 804xSCmA8kjzqix0t1N87Fac+vuDGSZeAWpQQGb/+r1E5bFKA0T VOuu56cmyKkynAmcVHqZxpSyER1g11JJY9RBPtt0Qk6t0idRouy ThszU3xM5jbUex6FNxtQM9aI3Ff/zupmJLoOcyzQzKNn8oygTxC Rkejbpc4XMiLEllCludyVsSBVlxpZTsSV4iycvkwe/7p3X/Vu/1 jgp6ijDERzDGXhwAQ24hia0gEEEz/AKb87IeXHenY95tOQUM4fw B87nDzwwjRA=</latexit> >"
<latexit sha1_base64="8tUa Qp97Jn0abJHpmVPTzR5EhLw=">AAAB6XicbVA9SwNBEJ3zM8avq KXNYhSswl0stAzapIxiPiA5wt5mLlmyt3fs7gnhyD+wsVDE1n9k 579xk1yhiQ8GHu/NMDMvSATXxnW/nbX1jc2t7cJOcXdv/+CwdH Tc0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHstHM 0nQj+hQ8pAzaqz0UL/tl8puxZ2DrBIvJ2XI0eiXvnqDmKURSsME 1brrVRPjZ1QZzgROi71UY0LZmA6xa6mkEWo/m186JRdWGZAwVra kIXP190RGI60nUWA7I2pGetmbif953dSEN37GZZIalGyxKEwFMT GZvU0GXCEzYmIJZYrbWwkbUUWZseEUbQje8surpFWteFeV6n21X DvP4yjAKZzBJXhwDTWoQwOawCCEZ3iFN2fsvDjvzseidc3JZ07g D5zPHyDkjP4=</latexit>
U#V
<latexit sha1_base64="4Nyw jx1m+7HZYUsWBJ7xEtcg0pA=">AAAB6nicbVA9SwNBEJ3zM8avq KXNYhRiE3JnoWXAxjKi+YDkCHubvWTJ3t6xOyeEIz/BxkIRW3+R nf/GTXKFJj4YeLw3w8y8IJHCYK327aytb2xubRd2irt7+weHpa PjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrR 5wk3I/oUIlQMIpWeqgEl/1SuVatzUFWiZuTMuRo9EtfvUHM0ogr ZJIa03W9BP2MahRM8mmxlxqeUDamQ961VNGIGz+bnzolF1YZkDD WthSSufp7IqORMZMosJ0RxZFZ9mbif143xfDGz4RKUuSKLRaFqS QYk9nfZCA0ZygnllCmhb2VsBHVlKFNp2hDcJdfXiUtr+peVb17r 1w/z+MowCmcQQVcuIY63EEDmsBgCM/wCm+OdF6cd+dj0brm5DMn 8AfO5w+EWI0x</latexit>
UV
<latexit sha1 _base64="Ws88pSpDQeYFgHRG6 39J5yLsXqE=">AAAB6nicbVA9 SwNBEJ3zM8avqKXNYhRiE3Jno WXAxjKi+YDkCHubvWTJ3t6xOye EIz/BxkIRW3+Rnf/GTXKFJj4Y eLw3w8y8IJHCYK327aytb2xubR d2irt7+weHpaPjlolTzXiTxTL WnYAaLoXiTRQoeSfRnEaB5O1gf Dvz209cGxGrR5wk3I/oUIlQMI pWeqjQy36pXKvW5iCrxM1JGXI 0+qWv3iBmacQVMkmN6bpegn5GN Qom+bTYSw1PKBvTIe9aqmjEjZ /NT52SC6sMSBhrWwrJXP09kdHI mEkU2M6I4sgsezPxP6+bYnjjZ 0IlKXLFFovCVBKMyexvMhCaM5Q TSyjTwt5K2IhqytCmU7QhuMsv r5KWV3Wvqt69V66f53EU4BTOo AIuXEMd7qABTWAwhGd4hTdHOi/ Ou/OxaF1z8pkT+APn8weC040w </latexit>
k8yy
<latexit sha1 _base64="p0UUky0TTNxpwu61Z dBq2pIywiA=">AAAB63icbVBN S8NAEJ3Ur1q/qh69LFbBU0lSR I8FLx4r2A9oQ9lsN+3S3U3Y3Qg l9C948aCIV/+QN/+NmzYHbX0w 8Hhvhpl5YcKZNq777ZQ2Nre2d8 q7lb39g8Oj6vFJR8epIrRNYh6 rXog15UzStmGG016iKBYhp91we pf73SeqNIvlo5klNBB4LFnECD a55F+77rBac+vuAmideAWpQYH WsPo1GMUkFVQawrHWfc9PTJBhZ RjhdF4ZpJommEzxmPYtlVhQHW SLW+fo0iojFMXKljRoof6eyLDQ eiZC2ymwmehVLxf/8/qpiW6Dj MkkNVSS5aIo5cjEKH8cjZiixPC ZJZgoZm9FZIIVJsbGU7EheKsv r5OOX/cadf/BrzUvijjKcAbnc AUe3EAT7qEFbSAwgWd4hTdHOC/ Ou/OxbC05xcwp/IHz+QPIDo1P </latexit>
8yyy
<latexit sha1_base64="0wLa rs1Ks/cw6QZADcme9AirvCY=">AAAB63icbVBNS8NAEJ3Ur1q/q h69LFbBU0lSRI8FLx4r2A9oQ9lsN+3S3U3Y3Qgl9C948aCIV/+Q N/+NmzYHbX0w8Hhvhpl5YcKZNq777ZQ2Nre2d8q7lb39g8Oj6v FJR8epIrRNYh6rXog15UzStmGG016iKBYhp91wepf73SeqNIvlo 5klNBB4LFnECDa5dO267rBac+vuAmideAWpQYHWsPo1GMUkFVQa wrHWfc9PTJBhZRjhdF4ZpJommEzxmPYtlVhQHWSLW+fo0iojFMX KljRoof6eyLDQeiZC2ymwmehVLxf/8/qpiW6DjMkkNVSS5aIo5c jEKH8cjZiixPCZJZgoZm9FZIIVJsbGU7EheKsvr5OOX/cadf/Br zUvijjKcAbncAUe3EAT7qEFbSAwgWd4hTdHOC/Ou/OxbC05xcwp /IHz+QPFBY1N</latexit>
y
<latexit sha1 _base64="16BqUfGlZTGgASKa0 BgeCavRuJc=">AAAB6HicbVA9 SwNBEJ2LXzF+RS1tFqNgFe5io WXAxjIB8wHJEfY2c8mavb1jd08 IR36BjYUitv4kO/+Nm+QKTXww 8Hhvhpl5QSK4Nq777RQ2Nre2d4 q7pb39g8Oj8vFJW8epYthisYh VN6AaBZfYMtwI7CYKaRQI7ASTu 7nfeUKleSwfzDRBP6IjyUPOqL FS0x2UK27VXYCsEy8nFcjRGJS /+sOYpRFKwwTVuufVEuNnVBnOB M5K/VRjQtmEjrBnqaQRaj9bHD ojl1YZkjBWtqQhC/X3REYjradR YDsjasZ61ZuL/3m91IS3fsZlk hqUbLkoTAUxMZl/TYZcITNiagl littbCRtTRZmx2ZRsCN7qy+uk Xat619Vas1apX+RxFOEMzuEKP LiBOtxDA1rAAOEZXuHNeXRenHf nY9lacPKZU/gD5/MHc0GMmg== </latexit>
t
<latexit sha1_base64="jUo8 jX/HCVQ961tKZQJ535UB9nw=">AAAB6HicbVBNS8NAEN3Ur1q/q h69LFbBU0mqoMeCF48t2FpoQ9lsJ+3azSbsToQS+gu8eFDEqz/J m//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfH jUNnGqObR4LGPdCZgBKRS0UKCETqKBRYGEh2B8O/MfnkAbEat7n CTgR2yoRCg4Qys1sV+uuFV3DrpKvJxUSI5Gv/zVG8Q8jUAhl8yY rldL0M+YRsElTEu91EDC+JgNoWupYhEYP5sfOqXnVhnQMNa2FNK 5+nsiY5ExkyiwnRHDkVn2ZuJ/XjfF8MbPhEpSBMUXi8JUUozp7G s6EBo4yokljGthb6V8xDTjaLMp2RC85ZdXSbtW9S6rteZVpX6Wx 1EkJ+SUXBCPXJM6uSMN0iKcAHkmr+TNeXRenHfnY9FacPKZY/IH zucP2vGM4A==</latexit>
V
<latexit sha1_base64="VOuQ 3QZgv8PVJQ3bA/6XQuK0Nyg=">AAAB6HicbVBNS8NAEJ3Ur1q/q h69LFbBU0mqoMeCF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/J m//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+f CoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem 0mCfkSHkoecUWOlZrtfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU 665XS4yfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFtlQMJY2ZK GzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExG T2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+Sdq3qXVZrzatK/ SyPowgncAoX4ME11OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMf OJ8/rXmMwg==</latexit>
x
<latexit sha1 _base64="MZZ9TFd9CgP2Gh7VX O9h0G60u3s=">AAAB6HicbVDL TgJBEOzFF+IL9ehlIpp4Iiya6 JHEi0dI5JHAhswOvTAyO7uZmTW SDV/gxYPGePWTvPk3DrAHBSvp pFLVne4uPxZcm0rl28mtrW9sbu W3Czu7e/sHxcOjlo4SxbDJIhG pjk81Ci6xabgR2IkV0tAX2PbHt zO//YhK80jem0mMXkiHkgecUW OlxlO/WKqUK3OQVeJmpAQZ6v3 iV28QsSREaZigWnfdamy8lCrDm cBpoZdojCkb0yF2LZU0RO2l80 On5NwqAxJEypY0ZK7+nkhpqPUk 9G1nSM1IL3sz8T+vm5jgxku5j BODki0WBYkgJiKzr8mAK2RGTCy hTHF7K2EjqigzNpuCDcFdfnmV tKpl97JcbVyVamdZHHk4gVO4A BeuoQZ3UIcmMEB4hld4cx6cF+f d+Vi05pxs5hj+wPn8AeEBjOQ= </latexit>
@2
<latexit sha1 _base64="Cq+x+cPZ/lupK+Hf7 CE724o6Btw=">AAAB63icbVBN S8NAEJ3Ur1q/qh69LLaCF0sSD 3osePFYwX5AG8pmu2mX7m7C7kY ooX/BiwdFvPqHvPlv3LQ5aOuD gcd7M8zMCxPOtHHdb6e0sbm1vV PereztHxweVY9POjpOFaFtEvN Y9UKsKWeStg0znPYSRbEIOe2G0 7vc7z5RpVksH80soYHAY8kiRr DJpau6Xx9Wa27DXQCtE68gNSj QGla/BqOYpIJKQzjWuu/5iQkyr AwjnM4rg1TTBJMpHtO+pRILqo NscescXVhlhKJY2ZIGLdTfExkW Ws9EaDsFNhO96uXif14/NdFtk DGZpIZKslwUpRyZGOWPoxFTlBg +swQTxeytiEywwsTYeCo2BG/1 5XXS8RvedcN/8GvNehFHGc7gH C7Bgxtowj20oA0EJvAMr/DmCOf FeXc+lq0lp5g5hT9wPn8Al1+N Lw==</latexit>
2
<latexit sha1 _base64="QNrn20UV+OjadaItN v/UTZ+UOwo=">AAAB6HicbVBN S8NAEJ3Ur1q/qh69LFbBU0mqo MeCF48t2FpoQ9lsJ+3azSbsboQ S+gu8eFDEqz/Jm//GbZuDtj4Y eLw3w8y8IBFcG9f9dgpr6xubW8 Xt0s7u3v5B+fCoreNUMWyxWMS qE1CNgktsGW4EdhKFNAoEPgTj2 5n/8IRK81jem0mCfkSHkoecUW OlZq1frrhVdw6ySrycVCBHo1/ +6g1ilkYoDRNU665XS4yfUWU4E zgt9VKNCWVjOsSupZJGqP1sfu iUnFtlQMJY2ZKGzNXfExmNtJ5E ge2MqBnpZW8m/ud1UxPe+BmXS WpQssWiMBXExGT2NRlwhcyIiSW UKW5vJWxEFWXGZlOyIXjLL6+S dq3qXVZrzatK/SyPowgncAoX4 ME11OEOGtACBgjP8ApvzqPz4rw 7H4vWgpPPHMMfOJ8/dumMng== </latexit>
t
<latexit sha1_base64="jUo8 jX/HCVQ961tKZQJ535UB9nw=">AAAB6HicbVBNS8NAEN3Ur1q/q h69LFbBU0mqoMeCF48t2FpoQ9lsJ+3azSbsToQS+gu8eFDEqz/J m//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfH jUNnGqObR4LGPdCZgBKRS0UKCETqKBRYGEh2B8O/MfnkAbEat7n CTgR2yoRCg4Qys1sV+uuFV3DrpKvJxUSI5Gv/zVG8Q8jUAhl8yY rldL0M+YRsElTEu91EDC+JgNoWupYhEYP5sfOqXnVhnQMNa2FNK 5+nsiY5ExkyiwnRHDkVn2ZuJ/XjfF8MbPhEpSBMUXi8JUUozp7G s6EBo4yokljGthb6V8xDTjaLMp2RC85ZdXSbtW9S6rteZVpX6Wx 1EkJ+SUXBCPXJM6uSMN0iKcAHkmr+TNeXRenHfnY9FacPKZY/IH zucP2vGM4A==</latexit>
U/V
<latexit sha1_base64="P8XV J0dYCkDpqgjUaDGmnpkl5Mg=">AAAB6nicbVBNS8NAEJ34WetX1 aOXxSrUS0niQY8FLx4r2g9oQ9lsNu3S3U3Y3Qgl9Cd48aCIV3+R N/+N2zYHbX0w8Hhvhpl5YcqZNq777aytb2xubZd2yrt7+weHla Pjtk4yRWiLJDxR3RBrypmkLcMMp91UUSxCTjvh+Hbmd56o0iyRj 2aS0kDgoWQxI9hY6aEWXQ4qVbfuzoFWiVeQKhRoDipf/SghmaDS EI617nl+aoIcK8MIp9NyP9M0xWSMh7RnqcSC6iCfnzpFF1aJUJw oW9Kgufp7IsdC64kIbafAZqSXvZn4n9fLTHwT5EymmaGSLBbFGU cmQbO/UcQUJYZPLMFEMXsrIiOsMDE2nbINwVt+eZW0/bp3Vffv/ WrjvIijBKdwBjXw4BoacAdNaAGBITzDK7w53Hlx3p2PReuaU8yc wB84nz+HYo0z</latexit>
@2
<latexit sha1 _base64="Cq+x+cPZ/lupK+Hf7 CE724o6Btw=">AAAB63icbVBN S8NAEJ3Ur1q/qh69LLaCF0sSD 3osePFYwX5AG8pmu2mX7m7C7kY ooX/BiwdFvPqHvPlv3LQ5aOuD gcd7M8zMCxPOtHHdb6e0sbm1vV PereztHxweVY9POjpOFaFtEvN Y9UKsKWeStg0znPYSRbEIOe2G0 7vc7z5RpVksH80soYHAY8kiRr DJpau6Xx9Wa27DXQCtE68gNSj QGla/BqOYpIJKQzjWuu/5iQkyr AwjnM4rg1TTBJMpHtO+pRILqo NscescXVhlhKJY2ZIGLdTfExkW Ws9EaDsFNhO96uXif14/NdFtk DGZpIZKslwUpRyZGOWPoxFTlBg +swQTxeytiEywwsTYeCo2BG/1 5XXS8RvedcN/8GvNehFHGc7gH C7Bgxtowj20oA0EJvAMr/DmCOf FeXc+lq0lp5g5hT9wPn8Al1+N Lw==</latexit>
2
<latexit sha1 _base64="QNrn20UV+OjadaItN v/UTZ+UOwo=">AAAB6HicbVBN S8NAEJ3Ur1q/qh69LFbBU0mqo MeCF48t2FpoQ9lsJ+3azSbsboQ S+gu8eFDEqz/Jm//GbZuDtj4Y eLw3w8y8IBFcG9f9dgpr6xubW8 Xt0s7u3v5B+fCoreNUMWyxWMS qE1CNgktsGW4EdhKFNAoEPgTj2 5n/8IRK81jem0mCfkSHkoecUW OlZq1frrhVdw6ySrycVCBHo1/ +6g1ilkYoDRNU665XS4yfUWU4E zgt9VKNCWVjOsSupZJGqP1sfu iUnFtlQMJY2ZKGzNXfExmNtJ5E ge2MqBnpZW8m/ud1UxPe+BmXS WpQssWiMBXExGT2NRlwhcyIiSW UKW5vJWxEFWXGZlOyIXjLL6+S dq3qXVZrzatK/SyPowgncAoX4 ME11OEOGtACBgjP8ApvzqPz4rw 7H4vWgpPPHMMfOJ8/dumMng== </latexit>
@1.652
<latexit sha1 _base64="FnQ2233EFh5fyxFhh Gg8+jXwTzo=">AAAB73icbVDL SsNAFL2pr1pfVZduBlvBjSGJ+ FgW3LisYB/QhjKZTtqhk0k6MxF K6E+4caGIW3/HnX/jtM1CWw9c OJxzL/feEyScKe0431ZhbX1jc6 u4XdrZ3ds/KB8eNVWcSkIbJOa xbAdYUc4EbWimOW0nkuIo4LQVj O5mfuuJSsVi8agnCfUjPBAsZA RrI7Uvqq59feVVe+WKYztzoFX i5qQCOeq98le3H5M0okITjpXqu F6i/QxLzQin01I3VTTBZIQHtG OowBFVfja/d4rOjNJHYSxNCY3m 6u+JDEdKTaLAdEZYD9WyNxP/8 zqpDm/9jIkk1VSQxaIw5UjHaPY 86jNJieYTQzCRzNyKyBBLTLSJ qGRCcJdfXiVNz3Yvbe/Bq9Sqe RxFOIFTOAcXbqAG91CHBhDg8Ay v8GaNrRfr3fpYtBasfOYY/sD6 /AFhVo4h</latexit>
@1.663
<latexit sha1 _base64="a3HcYNHUnngF3a+KZ 3prPEBcPik=">AAAB73icbVBN S8NAEJ3Ur1q/qh69LLaCF0OSQ vVY8OKxgv2ANpTNdtMu3Wzi7kY ooX/CiwdFvPp3vPlv3LY5aOuD gcd7M8zMCxLOlHacb6uwsbm1vV PcLe3tHxwelY9P2ipOJaEtEvN YdgOsKGeCtjTTnHYTSXEUcNoJJ rdzv/NEpWKxeNDThPoRHgkWMo K1kbpXVdeu12vVQbni2M4CaJ2 4OalAjuag/NUfxiSNqNCEY6V6r pdoP8NSM8LprNRPFU0wmeAR7R kqcESVny3unaELowxRGEtTQqOF +nsiw5FS0ygwnRHWY7XqzcX/v F6qwxs/YyJJNRVkuShMOdIxmj+ PhkxSovnUEEwkM7ciMsYSE20i KpkQ3NWX10nbs92a7d17lUY1j 6MIZ3AOl+DCNTTgDprQAgIcnuE V3qxH68V6tz6WrQUrnzmFP7A+ fwBkYY4j</latexit>
yXk
<latexit sha1 _base64="FOj6hyBgyoESpxPLy e5GXEPwzVg=">AAAB6nicbVBN S8NAEJ34WetX1aOXxSp4Ckk86 LHgxWNF+wFtKJvtpl262YTdiVB Kf4IXD4p49Rd589+4bXPQ1gcD j/dmmJkXZVIY9LxvZ219Y3Nru7 RT3t3bPzisHB03TZprxhsslal uR9RwKRRvoEDJ25nmNIkkb0Wj2 5nfeuLaiFQ94jjjYUIHSsSCUb TSg+cGvUrVc705yCrxC1KFAvV e5avbT1mecIVMUmM6fpBhOKEaB ZN8Wu7mhmeUjeiAdyxVNOEmnM xPnZILq/RJnGpbCslc/T0xoYkx 4ySynQnFoVn2ZuJ/XifH+CacC JXlyBVbLIpzSTAls79JX2jOUI4 toUwLeythQ6opQ5tO2YbgL7+8 SpqB61+5wX1QrZ0XcZTgFM7gE ny4hhrcQR0awGAAz/AKb450Xpx 352PRuuYUMyfwB87nD08ojQ4= </latexit>
@R
<latexit sha1_base64="B2iD BYGo6+ATareZg3AvRDBxo4E=">AAAB6XicbVA9SwNBEJ2LXzF+R S1tFqNgY8idhZYBG8so5gOSI+xt9pIle3vH7pwQjvwDGwtFbP1H dv4bN8kVmvhg4PHeDDPzgkQKg7Xat1NYW9/Y3Cpul3Z29/YPyo dHLROnmvEmi2WsOwE1XArFmyhQ8k6iOY0CydvB+Hbmt5+4NiJWj zhJuB/RoRKhYBSt9HDp9suVWrU2B1klbk4qkKPRL3/1BjFLI66Q SWpM1/US9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6ZScW2VAwlj bUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uwxs/EypJkSu2WBSmkm BMZm+TgdCcoZxYQpkW9lbCRlRThjackg3BXX55lbS8qntV9e69S v0sj6MIJ3AKF+DCNdThDhrQBAYhPMMrvDlj58V5dz4WrQUnnzmG P3A+fwDeCozS</latexit>
x
<latexit sha1 _base64="MZZ9TFd9CgP2Gh7VX O9h0G60u3s=">AAAB6HicbVDL TgJBEOzFF+IL9ehlIpp4Iiya6 JHEi0dI5JHAhswOvTAyO7uZmTW SDV/gxYPGePWTvPk3DrAHBSvp pFLVne4uPxZcm0rl28mtrW9sbu W3Czu7e/sHxcOjlo4SxbDJIhG pjk81Ci6xabgR2IkV0tAX2PbHt zO//YhK80jem0mMXkiHkgecUW OlxlO/WKqUK3OQVeJmpAQZ6v3 iV28QsSREaZigWnfdamy8lCrDm cBpoZdojCkb0yF2LZU0RO2l80 On5NwqAxJEypY0ZK7+nkhpqPUk 9G1nSM1IL3sz8T+vm5jgxku5j BODki0WBYkgJiKzr8mAK2RGTCy hTHF7K2EjqigzNpuCDcFdfnmV tKpl97JcbVyVamdZHHk4gVO4A BeuoQZ3UIcmMEB4hld4cx6cF+f d+Vi05pxs5hj+wPn8AeEBjOQ= </latexit>
S0
<latexit sha1_base64="TY2u m9BsJobQgyjz6kXdtHGOLOk=">AAAB6nicbVDLTgJBEOzFF+IL9 ehlIpp4IrtookcSLx4xyCOBlcwOvTBhdnYzM2tCCJ/gxYPGePWL vPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8f CoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJYPZ pygH9GB5CFn1FipXn90e8WSW3bnIKvEy0gJMtR6xa9uP2ZphNIw QbXueJXE+BOqDGcCp4VuqjGhbEQH2LFU0gi1P5mfOiXnVumTMFa 2pCFz9ffEhEZaj6PAdkbUDPWyNxP/8zqpCW/8CZdJalCyxaIwFc TEZPY36XOFzIixJZQpbm8lbEgVZcamU7AheMsvr5Jmpexdliv3V 6XqWRZHHk7gFC7Ag2uowh3UoAEMBvAMr/DmCOfFeXc+Fq05J5s5 hj9wPn8AywKNYQ==</latexit>
F+
<latexit sha1_base64="jrBH 8MmGExPZ0Rs68UJ0tgFFjCc=">AAAB9HicbVDLSsNAFL2pr1pfV ZduBqsgCCWJgi4LgrisYB/QxjKZTtqhk0mcmRRK6He4caGIWz/G nX/jpM1CWw8MHM65l3vm+DFnStv2t1VYWV1b3yhulra2d3b3yv sHTRUlktAGiXgk2z5WlDNBG5ppTtuxpDj0OW35o5vMb42pVCwSD 3oSUy/EA8ECRrA2ktcNsR4SzNPb6eN5r1yxq/YMaJk4OalAjnqv /NXtRyQJqdCEY6U6jhtrL8VSM8LptNRNFI0xGeEB7RgqcEiVl85 CT9GpUfooiKR5QqOZ+nsjxaFSk9A3k1lItehl4n9eJ9HBtZcyES eaCjI/FCQc6QhlDaA+k5RoPjEEE8lMVkSGWGKiTU8lU4Kz+OVl0 nSrzkXVvb+s1E7yOopwBMdwBg5cQQ3uoA4NIPAEz/AKb9bYerHe rY/5aMHKdw7hD6zPH5WakeE=</latexit>
F 
<latexit sha1 _base64="k7HP+vON7R9CyJqTb /mfE5jjYkI=">AAAB9HicbVDL SsNAFL2pr1pfVZduBqvgxpJEQ ZcFQVxWsA9oY5lMJ+3QySTOTAo l9DvcuFDErR/jzr9x0mahrQcG Dufcyz1z/JgzpW372yqsrK6tbx Q3S1vbO7t75f2DpooSSWiDRDy SbR8rypmgDc00p+1YUhz6nLb80 U3mt8ZUKhaJBz2JqRfigWABI1 gbyeuGWA8J5unt9PG8V67YVXs GtEycnFQgR71X/ur2I5KEVGjCs VIdx421l2KpGeF0WuomisaYjP CAdgwVOKTKS2ehp+jUKH0URNI8 odFM/b2R4lCpSeibySykWvQy8 T+vk+jg2kuZiBNNBZkfChKOdIS yBlCfSUo0nxiCiWQmKyJDLDHR pqeSKcFZ/PIyabpV56Lq3l9Wa id5HUU4gmM4AweuoAZ3UIcGEHi CZ3iFN2tsvVjv1sd8tGDlO4fw B9bnD5iikeM=</latexit>
U+V
<latexit sha1 _base64="LVNVif5vfGOE1OCon x5Ucic4gJw=">AAAB6nicbVA9 SwNBEJ3zM8avqKXNYhRiE3Jno WXAxjKi+YDkCHubvWTJ3t6xOye EIz/BxkIRW3+Rnf/GTXKFJj4Y eLw3w8y8IJHCYK327aytb2xubR d2irt7+weHpaPjlolTzXiTxTL WnYAaLoXiTRQoeSfRnEaB5O1gf Dvz209cGxGrR5wk3I/oUIlQMI pWeqiwy36pXKvW5iCrxM1JGXI 0+qWv3iBmacQVMkmN6bpegn5GN Qom+bTYSw1PKBvTIe9aqmjEjZ /NT52SC6sMSBhrWwrJXP09kdHI mEkU2M6I4sgsezPxP6+bYnjjZ 0IlKXLFFovCVBKMyexvMhCaM5Q TSyjTwt5K2IhqytCmU7QhuMsv r5KWV3Wvqt69V66f53EU4BTOo AIuXEMd7qABTWAwhGd4hTdHOi/ Ou/OxaF1z8pkT+APn8weF3Y0y </latexit>
y
<latexit sha1_base64="16Bq UfGlZTGgASKa0BgeCavRuJc=">AAAB6HicbVA9SwNBEJ2LXzF+R S1tFqNgFe5ioWXAxjIB8wHJEfY2c8mavb1jd08IR36BjYUitv4k O/+Nm+QKTXww8Hhvhpl5QSK4Nq777RQ2Nre2d4q7pb39g8Oj8v FJW8epYthisYhVN6AaBZfYMtwI7CYKaRQI7ASTu7nfeUKleSwfz DRBP6IjyUPOqLFS0x2UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTV uufVEuNnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojl1YZkjBWtqQ hC/X3REYjradRYDsjasZ61ZuL/3m91IS3fsZlkhqUbLkoTAUxMZ l/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukXat619Vas1apX +RxFOEMzuEKPLiBOtxDA1rAAOEZXuHNeXRenHfnY9lacPKZU/gD 5/MHc0GMmg==</latexit>
jyyy
<latexit sha1_base64="b5Bb 5FL3xeN1+AZ2G84L0ntH8k4=">AAAB63icbVBNS8NAEJ3Ur1q/q h69LFbBU0nSQz0WvHisYD+gDWWz3bRLdzdhdyOU0L/gxYMiXv1D 3vw3btoctPXBwOO9GWbmhQln2rjut1Pa2t7Z3SvvVw4Oj45Pqq dnXR2nitAOiXms+iHWlDNJO4YZTvuJoliEnPbC2V3u956o0iyWj 2ae0EDgiWQRI9jkUsN13VG15tbdJdAm8QpSgwLtUfVrOI5JKqg0 hGOtB56fmCDDyjDC6aIyTDVNMJnhCR1YKrGgOsiWty7QtVXGKIq VLWnQUv09kWGh9VyEtlNgM9XrXi7+5w1SE90GGZNJaqgkq0VRyp GJUf44GjNFieFzSzBRzN6KyBQrTIyNp2JD8NZf3iRdv+416v6DX 2tdFXGU4QIu4QY8aEIL7qENHSAwhWd4hTdHOC/Ou/Oxai05xcw5 /IHz+QPB941L</latexit>
eyyy
<latexit sha1_base64="fyaY FcO4gYuOl2nwlwg47z1h71I=">AAAB63icbVBNS8NAEJ3Ur1q/q h69LFbBU0lSUI8FLx4r2A9oQ9lsN+3S3U3Y3Qgl9C948aCIV/+Q N/+NmzYHbX0w8Hhvhpl5YcKZNq777ZQ2Nre2d8q7lb39g8Oj6v FJR8epIrRNYh6rXog15UzStmGG016iKBYhp91wepf73SeqNIvlo 5klNBB4LFnECDa5dO267rBac+vuAmideAWpQYHWsPo1GMUkFVQa wrHWfc9PTJBhZRjhdF4ZpJommEzxmPYtlVhQHWSLW+fo0iojFMX KljRoof6eyLDQeiZC2ymwmehVLxf/8/qpiW6DjMkkNVSS5aIo5c jEKH8cjZiixPCZJZgoZm9FZIIVJsbGU7EheKsvr5OOX/cadf/Br zUvijjKcAbncAUe3EAT7qEFbSAwgWd4hTdHOC/Ou/OxbC05xcwp /IHz+QPGjI1O</latexit>
@2
<latexit sha1_base64="Cq+x +cPZ/lupK+Hf7CE724o6Btw=">AAAB63icbVBNS8NAEJ3Ur1q/q h69LLaCF0sSD3osePFYwX5AG8pmu2mX7m7C7kYooX/BiwdFvPqH vPlv3LQ5aOuDgcd7M8zMCxPOtHHdb6e0sbm1vVPereztHxweVY 9POjpOFaFtEvNY9UKsKWeStg0znPYSRbEIOe2G07vc7z5RpVksH 80soYHAY8kiRrDJpau6Xx9Wa27DXQCtE68gNSjQGla/BqOYpIJK QzjWuu/5iQkyrAwjnM4rg1TTBJMpHtO+pRILqoNscescXVhlhKJ Y2ZIGLdTfExkWWs9EaDsFNhO96uXif14/NdFtkDGZpIZKslwUpR yZGOWPoxFTlBg+swQTxeytiEywwsTYeCo2BG/15XXS8RvedcN/8 GvNehFHGc7gHC7Bgxtowj20oA0EJvAMr/DmCOfFeXc+lq0lp5g5 hT9wPn8Al1+NLw==</latexit>
2
<latexit sha1_base64="QNrn 20UV+OjadaItNv/UTZ+UOwo=">AAAB6HicbVBNS8NAEJ3Ur1q/q h69LFbBU0mqoMeCF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/J m//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+f CoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem 0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU 665XS4yfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFtlQMJY2ZK GzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExG T2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+Sdq3qXVZrzatK/ SyPowgncAoX4ME11OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMf OJ8/dumMng==</latexit>
0
<latexit sha1_base64="ysrs GjVgFwk8YcswFftirwZqIWs=">AAAB6HicbVBNS8NAEJ3Ur1q/q h69LFbBU0mqoMeCF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/J m//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+f CoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem 0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmq dderJcbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzq0yIGGsbEl D5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYj L7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqu15lWlf pbHUYQTOIUL8OAa6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEP nM8fc+GMnA==</latexit>
 
<latexit sha1 _base64="ZfqEKAu+5OSaOp47p 4T37ziKQGM=">AAAB7HicbVBN S8NAEN34WetX1aOXxSp4KkkV9 Fjw4rGCaQttKJvtpF262YTdiVB Cf4MXD4p49Qd589+4bXPQ1gcD j/dmmJkXplIYdN1vZ219Y3Nru7 RT3t3bPzisHB23TJJpDj5PZKI 7ITMghQIfBUropBpYHEpoh+O7m d9+Am1Eoh5xkkIQs6ESkeAMre T3QkDWr1TdmjsHXSVeQaqkQLN f+eoNEp7FoJBLZkzXq6cY5Eyj4 BKm5V5mIGV8zIbQtVSxGEyQz4 +d0gurDGiUaFsK6Vz9PZGz2JhJ HNrOmOHILHsz8T+vm2F0G+RCp RmC4otFUSYpJnT2OR0IDRzlxBL GtbC3Uj5imnG0+ZRtCN7yy6uk Va95V7X6w3W1cV7EUSKn5IxcE o/ckAa5J03iE04EeSav5M1Rzov z7nwsWtecYuaE/IHz+QO+no6M </latexit>
z
<latexit sha1_base64="bOMq CeNlWF+cSZi3mBGMpWx1f6s=">AAAB6HicbVDLTgJBEOzFF+IL9 ehlIpp4Iiya6JHEi0dI5JHAhswOvTAyO7uZmTXBDV/gxYPGePWT vPk3DrAHBSvppFLVne4uPxZcm0rl28mtrW9sbuW3Czu7e/sHxc Ojlo4SxbDJIhGpjk81Ci6xabgR2IkV0tAX2PbHtzO//YhK80jem 0mMXkiHkgecUWOlxlO/WKqUK3OQVeJmpAQZ6v3iV28QsSREaZig Wnfdamy8lCrDmcBpoZdojCkb0yF2LZU0RO2l80On5NwqAxJEypY 0ZK7+nkhpqPUk9G1nSM1IL3sz8T+vm5jgxku5jBODki0WBYkgJi Kzr8mAK2RGTCyhTHF7K2EjqigzNpuCDcFdfnmVtKpl97JcbVyVa mdZHHk4gVO4ABeuoQZ3UIcmMEB4hld4cx6cF+fd+Vi05pxs5hj+ wPn8AeQJjOY=</latexit>
 
<latexit sha1_base64="ZfqE KAu+5OSaOp47p4T37ziKQGM=">AAAB7HicbVBNS8NAEN34WetX1 aOXxSp4KkkV9Fjw4rGCaQttKJvtpF262YTdiVBCf4MXD4p49Qd5 89+4bXPQ1gcDj/dmmJkXplIYdN1vZ219Y3Nru7RT3t3bPzisHB 23TJJpDj5PZKI7ITMghQIfBUropBpYHEpoh+O7md9+Am1Eoh5xk kIQs6ESkeAMreT3QkDWr1TdmjsHXSVeQaqkQLNf+eoNEp7FoJBL ZkzXq6cY5Eyj4BKm5V5mIGV8zIbQtVSxGEyQz4+d0gurDGiUaFs K6Vz9PZGz2JhJHNrOmOHILHsz8T+vm2F0G+RCpRmC4otFUSYpJn T2OR0IDRzlxBLGtbC3Uj5imnG0+ZRtCN7yy6ukVa95V7X6w3W1c V7EUSKn5IxcEo/ckAa5J03iE04EeSav5M1Rzovz7nwsWtecYuaE /IHz+QO+no6M</latexit>
7M
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Figure 6: Folded-node/Homoclinic bursting. We take f(x) = x3 − 3x2 and G(x, y, z) = g(x) − y
with g(x) = 1 − 5x2. The parameter values are: a = 1, c = 1, α = 0.3, γ = 1, δ = 1.2,
ε = 0.002, µ = 0.033, γy = 0.0005 and γβ = −0.008. Panels (a-b) show the spike-adding transition
in system (8): (a) in the (z, x) plane; (b) associated bifurcation diagram with respect to parameter
β. Panels (c-d) show a folded-node/homoclinic bursting orbit: (c) in the (β, z, x) space; (d) x-time
series. The bottom panels show a comparison between this folded-node bursting orbit from (8) and
experimental data from [48].
maintaining the slow nullsurface fixed, in particular if we were to append an additive parameter I
to the x equation of the system. This would mimick the effect of an applied (external) current in
a neuron-type model such as the Hindmarsh-Rose model [26] or the Morris-Lecar model [38, 52].
However, from the pure dynamical viewpoint, varying a parameter in the slow equation results in
the same effect and this is the scenario that we chose in order to construct fold-initiated spike-adding
transitions in the original 3D burster and folded-node bursting in the extended 4D model.
Starting from a fold-initiated bursting scenario with spike-adding canard explosion (controlled
via a static variation of parameter β) then a folded-node bursting is obtained by prescribing the
dynamics on β by a slow differential equation. That is, we consider the following extended bursting
system
x′ = (y − f(x) + az)/c,
y′ = G(x, y, z),
z′ = ε(αz + γβ − δx),
β′ = ε
(
µ− γy(y − yfold)2 − γβ(β − βfold)2
)
.
(8)
Note that we will consider prototype systems where either G is directly given as a graph over x,
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1.5
<latexit sha1 _base64="5/u56OQCXgdzLvBGU r8FkAHvV1k=">AAAB6nicbVBN S8NAEJ34WetX1aOXxSp4CklV9 Fjw4rGi/YA2lM120y7dbMLuRCi lP8GLB0W8+ou8+W/ctjlo64OB x3szzMwLUykMet63s7K6tr6xWd gqbu/s7u2XDg4bJsk043WWyES 3Qmq4FIrXUaDkrVRzGoeSN8Ph7 dRvPnFtRKIecZTyIKZ9JSLBKF rpwXevuqWy53ozkGXi56QMOWr d0lenl7As5gqZpMa0/UqKwZhqF EzySbGTGZ5SNqR93rZU0ZibYD w7dULOrNIjUaJtKSQz9ffEmMbG jOLQdsYUB2bRm4r/ee0Mo5tgL FSaIVdsvijKJMGETP8mPaE5Qzm yhDIt7K2EDaimDG06RRuCv/jy MmlUXP/CrdxflquneRwFOIYTO AcfrqEKd1CDOjDowzO8wpsjnRf n3fmYt644+cwR/IHz+QNV2o0U </latexit>
@2.5
<latexit sha1 _base64="DzxcK//QJjxSsszRN Oi1qczZpAU=">AAAB7XicbVBN SwMxEJ2tX7V+VT16CbaCF5fui uix4MVjBfsB7VKyabaNzSZLkhX K0v/gxYMiXv0/3vw3pu0etPXB wOO9GWbmhQln2tRq305hbX1jc6 u4XdrZ3ds/KB8etbRMFaFNIrl UnRBrypmgTcMMp51EURyHnLbD8 e3Mbz9RpZkUD2aS0CDGQ8EiRr CxUuui6rtX1X65UnNrc6BV4uW kAjka/fJXbyBJGlNhCMdadz0/M UGGlWGE02mpl2qaYDLGQ9q1VO CY6iCbXztFZ1YZoEgqW8Kgufp7 IsOx1pM4tJ0xNiO97M3E/7xua qKbIGMiSQ0VZLEoSjkyEs1eRwO mKDF8YgkmitlbERlhhYmxAZVs CN7yy6uk5bvepevf+5V6NY+jC CdwCufgwTXU4Q4a0AQCj/AMr/D mSOfFeXc+Fq0FJ585hj9wPn8A eOeNpg==</latexit>
@1.5
<latexit sha1 _base64="Rbvt9rEHysvDeBqxs lb//d6y7ks=">AAAB7XicbVBN SwMxEJ2tX7V+VT16CbaCF5fui uix4MVjBfsB7VKyabaNzSZLkhX K0v/gxYMiXv0/3vw3pu0etPXB wOO9GWbmhQln2tRq305hbX1jc6 u4XdrZ3ds/KB8etbRMFaFNIrl UnRBrypmgTcMMp51EURyHnLbD8 e3Mbz9RpZkUD2aS0CDGQ8EiRr CxUuui6rlX1X65UnNrc6BV4uW kAjka/fJXbyBJGlNhCMdadz0/M UGGlWGE02mpl2qaYDLGQ9q1VO CY6iCbXztFZ1YZoEgqW8Kgufp7 IsOx1pM4tJ0xNiO97M3E/7xua qKbIGMiSQ0VZLEoSjkyEs1eRwO mKDF8YgkmitlbERlhhYmxAZVs CN7yy6uk5bvepevf+5V6NY+jC CdwCufgwTXU4Q4a0AQCj/AMr/D mSOfFeXc+Fq0FJ585hj9wPn8A d2CNpQ==</latexit>
@0.5
<latexit sha1 _base64="4Xdl6GjPdDDqB8j3f sUW6ozXdNs=">AAAB7XicbVBN SwMxEJ2tX7V+VT16CbaCF5fdF dFjwYvHCvYD2qVk02wbm02WJCu U0v/gxYMiXv0/3vw3pu0etPXB wOO9GWbmRSln2njet1NYW9/Y3C pul3Z29/YPyodHTS0zRWiDSC5 VO8KaciZowzDDaTtVFCcRp61od DvzW09UaSbFgxmnNEzwQLCYEW ys1Lyoeu5VtVeueK43B1olfk4 qkKPeK391+5JkCRWGcKx1xw9SE 06wMoxwOi11M01TTEZ4QDuWCp xQHU7m107RmVX6KJbKljBorv6e mOBE63ES2c4Em6Fe9mbif14nM /FNOGEizQwVZLEozjgyEs1eR32 mKDF8bAkmitlbERlihYmxAZVs CP7yy6ukGbj+pRvcB5VaNY+jC CdwCufgwzXU4A7q0AACj/AMr/D mSOfFeXc+Fq0FJ585hj9wPn8A ddmNpA==</latexit>
0.5
<latexit sha1 _base64="UhbC96SxgRml3UBt6 FsUFBEI7lc=">AAAB7HicbVBN S8NAEJ3Ur1q/oh69LLaCp5BER I8FLx4rmLbQhrLZbtqlm03Y3Qg l9Dd48aCIV3+QN/+N2zYHbX0w 8Hhvhpl5UcaZ0q77bVU2Nre2d6 q7tb39g8Mj+/ikrdJcEhqQlKe yG2FFORM00Exz2s0kxUnEaSea3 M39zhOViqXiUU8zGiZ4JFjMCN ZGChquc90Y2HXXcRdA68QrSR1 KtAb2V3+YkjyhQhOOlep5fqbDA kvNCKezWj9XNMNkgke0Z6jACV VhsTh2hi6MMkRxKk0JjRbq74kC J0pNk8h0JliP1ao3F//zermOb 8OCiSzXVJDlojjnSKdo/jkaMkm J5lNDMJHM3IrIGEtMtMmnZkLw Vl9eJ23f8a4c/8GvNxtlHFU4g 3O4BA9uoAn30IIACDB4hld4s4T 1Yr1bH8vWilXOnMIfWJ8/C9iN bQ==</latexit>
@1.395
<latexit sha1_base64="EsIx yKWNasyGRMVrGFT4eBlke3A=">AAAB73icbVBNS8NAEJ3Ur1q/q h69LLaCF0OSIuqt4MVjBfsBbSib7aZdutnE3Y1QQv+EFw+KePXv ePPfuG1z0NYHA4/3ZpiZFyScKe0431ZhbX1jc6u4XdrZ3ds/KB 8etVScSkKbJOax7ARYUc4EbWqmOe0kkuIo4LQdjG9nfvuJSsVi8 aAnCfUjPBQsZARrI3Uuqq5du7ms9ssVx3bmQKvEzUkFcjT65a/e ICZpRIUmHCvVdb1E+xmWmhFOp6VeqmiCyRgPaddQgSOq/Gx+7xS dGWWAwliaEhrN1d8TGY6UmkSB6YywHqllbyb+53VTHV77GRNJqq kgi0VhypGO0ex5NGCSEs0nhmAimbkVkRGWmGgTUcmE4C6/vEpan u3WbO/eq9SreRxFOIFTOAcXrqAOd9CAJhDg8Ayv8GY9Wi/Wu/Wx aC1Y+cwx/IH1+QNnaI4l</latexit>
@1.375
<latexit sha1_base64="g+ST dxgfbLT2ov2uavgZ4mA7kUk=">AAAB73icbVBNS8NAEJ3Ur1q/q h69LLaCF0OSIvVY8OKxgv2ANpTNdtMu3Wzi7kYooX/CiwdFvPp3 vPlv3LY5aOuDgcd7M8zMCxLOlHacb6uwsbm1vVPcLe3tHxwelY 9P2ipOJaEtEvNYdgOsKGeCtjTTnHYTSXEUcNoJJrdzv/NEpWKxe NDThPoRHgkWMoK1kbpXVdeu1a+rg3LFsZ0F0Dpxc1KBHM1B+as/ jEkaUaEJx0r1XC/RfoalZoTTWamfKppgMsEj2jNU4IgqP1vcO0M XRhmiMJamhEYL9fdEhiOlplFgOiOsx2rVm4v/eb1Uhzd+xkSSai rIclGYcqRjNH8eDZmkRPOpIZhIZm5FZIwlJtpEVDIhuKsvr5O2Z 7s127v3Ko1qHkcRzuAcLsGFOjTgDprQAgIcnuEV3qxH68V6tz6W rQUrnzmFP7A+fwBkXI4j</latexit>
 
<latexit sha1_base64="ZfqE KAu+5OSaOp47p4T37ziKQGM=">AAAB7HicbVBNS8NAEN34WetX1 aOXxSp4KkkV9Fjw4rGCaQttKJvtpF262YTdiVBCf4MXD4p49Qd5 89+4bXPQ1gcDj/dmmJkXplIYdN1vZ219Y3Nru7RT3t3bPzisHB 23TJJpDj5PZKI7ITMghQIfBUropBpYHEpoh+O7md9+Am1Eoh5xk kIQs6ESkeAMreT3QkDWr1TdmjsHXSVeQaqkQLNf+eoNEp7FoJBL ZkzXq6cY5Eyj4BKm5V5mIGV8zIbQtVSxGEyQz4+d0gurDGiUaFs K6Vz9PZGz2JhJHNrOmOHILHsz8T+vm2F0G+RCpRmC4otFUSYpJn T2OR0IDRzlxBLGtbC3Uj5imnG0+ZRtCN7yy6ukVa95V7X6w3W1c V7EUSKn5IxcEo/ckAa5J03iE04EeSav5M1Rzovz7nwsWtecYuaE /IHz+QO+no6M</latexit>
@1.2
<latexit sha1 _base64="gRWg5Dty9znx7lLAX z06W4YniOw=">AAAB7XicbVBN T8JAEJ3iF+IX6tHLRjDxYtPWg x5JvHjERJAEGrJdtrCy3W12tya k4T948aAxXv0/3vw3LtCDgi+Z 5OW9mczMi1LOtPG8b6e0tr6xuV Xeruzs7u0fVA+P2lpmitAWkVy qToQ15UzQlmGG006qKE4iTh+i8 c3Mf3iiSjMp7s0kpWGCh4LFjG BjpfZF3XeDer9a81xvDrRK/IL UoECzX/3qDSTJEioM4Vjrrh+kJ syxMoxwOq30Mk1TTMZ4SLuWCp xQHebza6fozCoDFEtlSxg0V39P 5DjRepJEtjPBZqSXvZn4n9fNT Hwd5kykmaGCLBbFGUdGotnraMA UJYZPLMFEMXsrIiOsMDE2oIoN wV9+eZW0A9e/dIO7oNaoF3GU4 QRO4Rx8uIIG3EITWkDgEZ7hFd4 c6bw4787HorXkFDPH8AfO5w9y 0Y2i</latexit>
@0.4
<latexit sha1 _base64="KMYm+T6Zh2y6q7yQl vevnxtYhc8=">AAAB7XicbVBN SwMxEJ2tX7V+VT16CbaCF5fdV dBjwYvHCvYD2qVk02wbm02WJCu U0v/gxYMiXv0/3vw3pu0etPXB wOO9GWbmRSln2njet1NYW9/Y3C pul3Z29/YPyodHTS0zRWiDSC5 VO8KaciZowzDDaTtVFCcRp61od DvzW09UaSbFgxmnNEzwQLCYEW ys1Lyoeu5VtVeueK43B1olfk4 qkKPeK391+5JkCRWGcKx1xw9SE 06wMoxwOi11M01TTEZ4QDuWCp xQHU7m107RmVX6KJbKljBorv6e mOBE63ES2c4Em6Fe9mbif14nM /FNOGEizQwVZLEozjgyEs1eR32 mKDF8bAkmitlbERlihYmxAZVs CP7yy6ukGbj+pRvcB5VaNY+jC CdwCufgwzXU4A7q0AACj/AMr/D mSOfFeXc+Fq0FJ585hj9wPn8A dFSNow==</latexit>
0.4
<latexit sha1_base64="6KsR puoBlMtskXCS+Fe98+tBwnA=">AAAB7HicbVBNS8NAEJ3Ur1q/o h69LLaCp5BEQY8FLx4rmLbQhrLZbtqlm03Y3Qgl9Dd48aCIV3+Q N/+N2zYHbX0w8Hhvhpl5UcaZ0q77bVU2Nre2d6q7tb39g8Mj+/ ikrdJcEhqQlKeyG2FFORM00Exz2s0kxUnEaSea3M39zhOViqXiU U8zGiZ4JFjMCNZGChquc90Y2HXXcRdA68QrSR1KtAb2V3+Ykjyh QhOOlep5fqbDAkvNCKezWj9XNMNkgke0Z6jACVVhsTh2hi6MMkR xKk0JjRbq74kCJ0pNk8h0JliP1ao3F//zermOb8OCiSzXVJDloj jnSKdo/jkaMkmJ5lNDMJHM3IrIGEtMtMmnZkLwVl9eJ23f8a4c/ 8GvNxtlHFU4g3O4BA9uoAn30IIACDB4hld4s4T1Yr1bH8vWilXO nMIfWJ8/ClONbA==</latexit>
z
<latexit sha1_base64="bOMq CeNlWF+cSZi3mBGMpWx1f6s=">AAAB6HicbVDLTgJBEOzFF+IL9 ehlIpp4Iiya6JHEi0dI5JHAhswOvTAyO7uZmTXBDV/gxYPGePWT vPk3DrAHBSvppFLVne4uPxZcm0rl28mtrW9sbuW3Czu7e/sHxc Ojlo4SxbDJIhGpjk81Ci6xabgR2IkV0tAX2PbHtzO//YhK80jem 0mMXkiHkgecUWOlxlO/WKqUK3OQVeJmpAQZ6v3iV28QsSREaZig Wnfdamy8lCrDmcBpoZdojCkb0yF2LZU0RO2l80On5NwqAxJEypY 0ZK7+nkhpqPUk9G1nSM1IL3sz8T+vm5jgxku5jBODki0WBYkgJi Kzr8mAK2RGTCyhTHF7K2EjqigzNpuCDcFdfnmVtKpl97JcbVyVa mdZHHk4gVO4ABeuoQZ3UIcmMEB4hld4cx6cF+fd+Vi05pxs5hj+ wPn8AeQJjOY=</latexit>
>"
<latexit sha1 _base64="8tUaQp97Jn0abJHpm VPTzR5EhLw=">AAAB6XicbVA9 SwNBEJ3zM8avqKXNYhSswl0st AzapIxiPiA5wt5mLlmyt3fs7gn hyD+wsVDE1n9k579xk1yhiQ8G Hu/NMDMvSATXxnW/nbX1jc2t7c JOcXdv/+CwdHTc0nGqGDZZLGL VCahGwSU2DTcCO4lCGgUC28H4b ua3n1BpHstHM0nQj+hQ8pAzaq z0UL/tl8puxZ2DrBIvJ2XI0ei XvnqDmKURSsME1brrVRPjZ1QZz gROi71UY0LZmA6xa6mkEWo/m1 86JRdWGZAwVrakIXP190RGI60n UWA7I2pGetmbif953dSEN37GZ ZIalGyxKEwFMTGZvU0GXCEzYmI JZYrbWwkbUUWZseEUbQje8sur pFWteFeV6n21XDvP4yjAKZzBJ XhwDTWoQwOawCCEZ3iFN2fsvDj vzseidc3JZ07gD5zPHyDkjP4= </latexit>
GS
<latexit sha1 _base64="VLY0nAInG2L3DmBCV /b2OUvgE9g=">AAAB6XicbVA9 T8MwFHwpX6V8FRhZLAoSU5WEA cZKLAwMBVFaqY2Q4760Vh0nsh2 kKuo/YGEAIVb+ERv/BrfNAC0n WTrd3ZPfuzAVXBvX/XZKK6tr6x vlzcrW9s7uXnX/4EEnmWLYYol IVCekGgWX2DLcCOykCmkcCmyHo 6up335CpXki7804xSCmA8kjzq ix0t1N87Fac+vuDGSZeAWpQQG b/+r1E5bFKA0TVOuu56cmyKkyn AmcVHqZxpSyER1g11JJY9RBPt t0Qk6t0idRouyThszU3xM5jbUe x6FNxtQM9aI3Ff/zupmJLoOcy zQzKNn8oygTxCRkejbpc4XMiLE llCludyVsSBVlxpZTsSV4iycv kwe/7p3X/Vu/1jgp6ijDERzDG XhwAQ24hia0gEEEz/AKb87IeXH enY95tOQUM4fwB87nDzwwjRA= </latexit>
GS
<latexit sha1_base64="VLY0 nAInG2L3DmBCV/b2OUvgE9g=">AAAB6XicbVA9T8MwFHwpX6V8F RhZLAoSU5WEAcZKLAwMBVFaqY2Q4760Vh0nsh2kKuo/YGEAIVb+ ERv/BrfNAC0nWTrd3ZPfuzAVXBvX/XZKK6tr6xvlzcrW9s7uXn X/4EEnmWLYYolIVCekGgWX2DLcCOykCmkcCmyHo6up335CpXki7 804xSCmA8kjzqix0t1N87Fac+vuDGSZeAWpQQGb/+r1E5bFKA0T VOuu56cmyKkynAmcVHqZxpSyER1g11JJY9RBPtt0Qk6t0idRouy ThszU3xM5jbUex6FNxtQM9aI3Ff/zupmJLoOcyzQzKNn8oygTxC Rkejbpc4XMiLEllCludyVsSBVlxpZTsSV4iycvkwe/7p3X/Vu/1 jgp6ijDERzDGXhwAQ24hia0gEEEz/AKb87IeXHenY95tOQUM4fw B87nDzwwjRA=</latexit>
x
<latexit sha1 _base64="MZZ9TFd9CgP2Gh7VX O9h0G60u3s=">AAAB6HicbVDL TgJBEOzFF+IL9ehlIpp4Iiya6 JHEi0dI5JHAhswOvTAyO7uZmTW SDV/gxYPGePWTvPk3DrAHBSvp pFLVne4uPxZcm0rl28mtrW9sbu W3Czu7e/sHxcOjlo4SxbDJIhG pjk81Ci6xabgR2IkV0tAX2PbHt zO//YhK80jem0mMXkiHkgecUW OlxlO/WKqUK3OQVeJmpAQZ6v3 iV28QsSREaZigWnfdamy8lCrDm cBpoZdojCkb0yF2LZU0RO2l80 On5NwqAxJEypY0ZK7+nkhpqPUk 9G1nSM1IL3sz8T+vm5jgxku5j BODki0WBYkgJiKzr8mAK2RGTCy hTHF7K2EjqigzNpuCDcFdfnmV tKpl97JcbVyVamdZHHk4gVO4A BeuoQZ3UIcmMEB4hld4cx6cF+f d+Vi05pxs5hj+wPn8AeEBjOQ= </latexit>
U#V
<latexit sha1_base64="4Nyw jx1m+7HZYUsWBJ7xEtcg0pA=">AAAB6nicbVA9SwNBEJ3zM8avq KXNYhRiE3JnoWXAxjKi+YDkCHubvWTJ3t6xOyeEIz/BxkIRW3+R nf/GTXKFJj4YeLw3w8y8IJHCYK327aytb2xubRd2irt7+weHpa PjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrR 5wk3I/oUIlQMIpWeqgEl/1SuVatzUFWiZuTMuRo9EtfvUHM0ogr ZJIa03W9BP2MahRM8mmxlxqeUDamQ961VNGIGz+bnzolF1YZkDD WthSSufp7IqORMZMosJ0RxZFZ9mbif143xfDGz4RKUuSKLRaFqS QYk9nfZCA0ZygnllCmhb2VsBHVlKFNp2hDcJdfXiUtr+peVb17r 1w/z+MowCmcQQVcuIY63EEDmsBgCM/wCm+OdF6cd+dj0brm5DMn 8AfO5w+EWI0x</latexit>
UV
<latexit sha1 _base64="Ws88pSpDQeYFgHRG6 39J5yLsXqE=">AAAB6nicbVA9 SwNBEJ3zM8avqKXNYhRiE3Jno WXAxjKi+YDkCHubvWTJ3t6xOye EIz/BxkIRW3+Rnf/GTXKFJj4Y eLw3w8y8IJHCYK327aytb2xubR d2irt7+weHpaPjlolTzXiTxTL WnYAaLoXiTRQoeSfRnEaB5O1gf Dvz209cGxGrR5wk3I/oUIlQMI pWeqjQy36pXKvW5iCrxM1JGXI 0+qWv3iBmacQVMkmN6bpegn5GN Qom+bTYSw1PKBvTIe9aqmjEjZ /NT52SC6sMSBhrWwrJXP09kdHI mEkU2M6I4sgsezPxP6+bYnjjZ 0IlKXLFFovCVBKMyexvMhCaM5Q TSyjTwt5K2IhqytCmU7QhuMsv r5KWV3Wvqt69V66f53EU4BTOo AIuXEMd7qABTWAwhGd4hTdHOi/ Ou/OxaF1z8pkT+APn8weC040w </latexit>
U/V
<latexit sha1_base64="P8XV J0dYCkDpqgjUaDGmnpkl5Mg=">AAAB6nicbVBNS8NAEJ34WetX1 aOXxSrUS0niQY8FLx4r2g9oQ9lsNu3S3U3Y3Qgl9Cd48aCIV3+R N/+N2zYHbX0w8Hhvhpl5YcqZNq777aytb2xubZd2yrt7+weHla Pjtk4yRWiLJDxR3RBrypmkLcMMp91UUSxCTjvh+Hbmd56o0iyRj 2aS0kDgoWQxI9hY6aEWXQ4qVbfuzoFWiVeQKhRoDipf/SghmaDS EI617nl+aoIcK8MIp9NyP9M0xWSMh7RnqcSC6iCfnzpFF1aJUJw oW9Kgufp7IsdC64kIbafAZqSXvZn4n9fLTHwT5EymmaGSLBbFGU cmQbO/UcQUJYZPLMFEMXsrIiOsMDE2nbINwVt+eZW0/bp3Vffv/ WrjvIijBKdwBjXw4BoacAdNaAGBITzDK7w53Hlx3p2PReuaU8yc wB84nz+HYo0z</latexit>
U+V
<latexit sha1 _base64="LVNVif5vfGOE1OCon x5Ucic4gJw=">AAAB6nicbVA9 SwNBEJ3zM8avqKXNYhRiE3Jno WXAxjKi+YDkCHubvWTJ3t6xOye EIz/BxkIRW3+Rnf/GTXKFJj4Y eLw3w8y8IJHCYK327aytb2xubR d2irt7+weHpaPjlolTzXiTxTL WnYAaLoXiTRQoeSfRnEaB5O1gf Dvz209cGxGrR5wk3I/oUIlQMI pWeqiwy36pXKvW5iCrxM1JGXI 0+qWv3iBmacQVMkmN6bpegn5GN Qom+bTYSw1PKBvTIe9aqmjEjZ /NT52SC6sMSBhrWwrJXP09kdHI mEkU2M6I4sgsezPxP6+bYnjjZ 0IlKXLFFovCVBKMyexvMhCaM5Q TSyjTwt5K2IhqytCmU7QhuMsv r5KWV3Wvqt69V66f53EU4BTOo AIuXEMd7qABTWAwhGd4hTdHOi/ Ou/OxaF1z8pkT+APn8weF3Y0y </latexit>
y
<latexit sha1_base64="16Bq UfGlZTGgASKa0BgeCavRuJc=">AAAB6HicbVA9SwNBEJ2LXzF+R S1tFqNgFe5ioWXAxjIB8wHJEfY2c8mavb1jd08IR36BjYUitv4k O/+Nm+QKTXww8Hhvhpl5QSK4Nq777RQ2Nre2d4q7pb39g8Oj8v FJW8epYthisYhVN6AaBZfYMtwI7CYKaRQI7ASTu7nfeUKleSwfz DRBP6IjyUPOqLFS0x2UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTV uufVEuNnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojl1YZkjBWtqQ hC/X3REYjradRYDsjasZ61ZuL/3m91IS3fsZlkhqUbLkoTAUxMZ l/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukXat619Vas1apX +RxFOEMzuEKPLiBOtxDA1rAAOEZXuHNeXRenHfnY9lacPKZU/gD 5/MHc0GMmg==</latexit>
jyyy
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Figure 7: Folded-node/Hopf bursting. We take f(x) = x3 − 3x2 and G(x, y, z) = g(x) − y with
g(x) = 1 − 5x2. The parameter values are: a = 1, c = 2, α = 0.3, γ = 1, δ = 1, ε = 0.004,
µ = 0.0104, γy = 0.0003 and γβ = −0.05. Panels (a-b) show the spike-adding transition in
system (8): (a) in the (z, x) plane; (b) associated bifurcation diagram with respect to parameter β.
Panels (c-d) show a folded-node/Hopf bursting orbit: (c) in the (β, z, x) space; (d) x-time series.
described as, G(x, y, z) = g(x)−y (i.e. Folded-node/homoclinic and folded-node/Hopf cases), or the
level set {G(x, y, z) = 0} is a graph over (x, z), expressed as, {y = g(x, z)} (i.e. Folded-node/fold of
cycles case). We claim that all folded-node initiated bursting scenarios can be obtained in either of
these two ways. In the latter case, our minimal model is inspired by the codimension-3 degenerate
Bogdanov-Takens unfolding introduced in [16] and further applied in the context of bursting in [49].
In practice (for simulation purposes), µ, γy and γz will be taken O(ε). Therefore, system (8) is
effectively a three-timescale dynamical systems with dynamics evolving on O(1), O(ε) and O(ε2)
timescales. For convenience and to ease the folded-node analysis, we will keep the equations written
as in (8) with only ε has an apparent timescale separation parameter. System (8) is parametrised
by the fast time τ , meaning that the ε = 0 limit of that parametrisation of the system gives the
fast subsystem where the slow variables z and I are frozen and become parameters. Introducing
the slow time t = ετ brings the system into the different parametrisation
εx˙ = (y − f(x) + az)/c,
εy˙ = G(x, y, z),
z˙ = αz + γβ − δx,
β˙ = µ− γy(y − yfold)2 − γβ(β − βfold)2,
(9)
whose ε = 0 limit corresponds to the slow subsystem. We will show that, all other parameters
being fixed, the slow subsystem of (9) possesses a folded-node singularity, which creates transient
subthreshold oscillations that initiate the burst when 0 < ε  1, regardless of the values of other
parameters. However, simulations require that µ γy and γI be O(ε) in order for these small
subthreshold oscillations to be recurrent, hence entering into a robust periodic bursting attractor
which we name folded-node bursting. We provide numerical evidence of this point, based on the
strength of the global return mechanism, even though we do not provide a rigorous proof of it.
Applying the same strategy as in the three-dimensional (bursting) case, and projecting onto
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<latexit sha1_base64="k7HP +vON7R9CyJqTb/mfE5jjYkI=">AAAB9HicbVDLSsNAFL2pr1pfV ZduBqvgxpJEQZcFQVxWsA9oY5lMJ+3QySTOTAol9DvcuFDErR/j zr9x0mahrQcGDufcyz1z/JgzpW372yqsrK6tbxQ3S1vbO7t75f 2DpooSSWiDRDySbR8rypmgDc00p+1YUhz6nLb80U3mt8ZUKhaJB z2JqRfigWABI1gbyeuGWA8J5unt9PG8V67YVXsGtEycnFQgR71X /ur2I5KEVGjCsVIdx421l2KpGeF0WuomisaYjPCAdgwVOKTKS2e hp+jUKH0URNI8odFM/b2R4lCpSeibySykWvQy8T+vk+jg2kuZiB NNBZkfChKOdISyBlCfSUo0nxiCiWQmKyJDLDHRpqeSKcFZ/PIya bpV56Lq3l9Waid5HUU4gmM4AweuoAZ3UIcGEHiCZ3iFN2tsvVjv 1sd8tGDlO4fwB9bnD5iikeM=</latexit>7M
<latexit sha1 _base64="qMd2J+ZNW+6RD12ye XPqstaMiVk=">AAAB8nicbVBN S8NAEJ34WetX1aOXYBU8laQe9 Fjw4rGC/YA0lM120y7d7IbdiVh Cf4YXD4p49dd489+4bXPQ1gcD j/dmmJkXpYIb9LxvZ219Y3Nru7 RT3t3bPzisHB23jco0ZS2qhNL diBgmuGQt5ChYN9WMJJFgnWh8O /M7j0wbruQDTlIWJmQoecwpQS sFPWRPGMV5LKf9StWreXO4q8Q vSBUKNPuVr95A0SxhEqkgxgR+P cUwJxo5FWxa7mWGpYSOyZAFlk qSMBPm85On7oVVBm6stC2J7lz9 PZGTxJhJEtnOhODILHsz8T8vy DC+CXMu0wyZpItFcSZcVO7sf3f ANaMoJpYQqrm91aUjoglFm1LZ huAvv7xK2vWaf1Wr39erjfMij hKcwhlcgg/X0IA7aEILKCh4hld 4c9B5cd6dj0XrmlPMnMAfOJ8/ 1ZCRgw==</latexit>
U#V
<latexit sha1_base64="4Nyw jx1m+7HZYUsWBJ7xEtcg0pA=">AAAB6nicbVA9SwNBEJ3zM8avq KXNYhRiE3JnoWXAxjKi+YDkCHubvWTJ3t6xOyeEIz/BxkIRW3+R nf/GTXKFJj4YeLw3w8y8IJHCYK327aytb2xubRd2irt7+weHpa PjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrR 5wk3I/oUIlQMIpWeqgEl/1SuVatzUFWiZuTMuRo9EtfvUHM0ogr ZJIa03W9BP2MahRM8mmxlxqeUDamQ961VNGIGz+bnzolF1YZkDD WthSSufp7IqORMZMosJ0RxZFZ9mbif143xfDGz4RKUuSKLRaFqS QYk9nfZCA0ZygnllCmhb2VsBHVlKFNp2hDcJdfXiUtr+peVb17r 1w/z+MowCmcQQVcuIY63EEDmsBgCM/wCm+OdF6cd+dj0brm5DMn 8AfO5w+EWI0x</latexit>
UV
<latexit sha1 _base64="Ws88pSpDQeYFgHRG6 39J5yLsXqE=">AAAB6nicbVA9 SwNBEJ3zM8avqKXNYhRiE3Jno WXAxjKi+YDkCHubvWTJ3t6xOye EIz/BxkIRW3+Rnf/GTXKFJj4Y eLw3w8y8IJHCYK327aytb2xubR d2irt7+weHpaPjlolTzXiTxTL WnYAaLoXiTRQoeSfRnEaB5O1gf Dvz209cGxGrR5wk3I/oUIlQMI pWeqjQy36pXKvW5iCrxM1JGXI 0+qWv3iBmacQVMkmN6bpegn5GN Qom+bTYSw1PKBvTIe9aqmjEjZ /NT52SC6sMSBhrWwrJXP09kdHI mEkU2M6I4sgsezPxP6+bYnjjZ 0IlKXLFFovCVBKMyexvMhCaM5Q TSyjTwt5K2IhqytCmU7QhuMsv r5KWV3Wvqt69V66f53EU4BTOo AIuXEMd7qABTWAwhGd4hTdHOi/ Ou/OxaF1z8pkT+APn8weC040w </latexit>
U/V
<latexit sha1_base64="P8XV J0dYCkDpqgjUaDGmnpkl5Mg=">AAAB6nicbVBNS8NAEJ34WetX1 aOXxSrUS0niQY8FLx4r2g9oQ9lsNu3S3U3Y3Qgl9Cd48aCIV3+R N/+N2zYHbX0w8Hhvhpl5YcqZNq777aytb2xubZd2yrt7+weHla Pjtk4yRWiLJDxR3RBrypmkLcMMp91UUSxCTjvh+Hbmd56o0iyRj 2aS0kDgoWQxI9hY6aEWXQ4qVbfuzoFWiVeQKhRoDipf/SghmaDS EI617nl+aoIcK8MIp9NyP9M0xWSMh7RnqcSC6iCfnzpFF1aJUJw oW9Kgufp7IsdC64kIbafAZqSXvZn4n9fLTHwT5EymmaGSLBbFGU cmQbO/UcQUJYZPLMFEMXsrIiOsMDE2nbINwVt+eZW0/bp3Vffv/ WrjvIijBKdwBjXw4BoacAdNaAGBITzDK7w53Hlx3p2PReuaU8yc wB84nz+HYo0z</latexit>
U+V
<latexit sha1 _base64="LVNVif5vfGOE1OCon x5Ucic4gJw=">AAAB6nicbVA9 SwNBEJ3zM8avqKXNYhRiE3Jno WXAxjKi+YDkCHubvWTJ3t6xOye EIz/BxkIRW3+Rnf/GTXKFJj4Y eLw3w8y8IJHCYK327aytb2xubR d2irt7+weHpaPjlolTzXiTxTL WnYAaLoXiTRQoeSfRnEaB5O1gf Dvz209cGxGrR5wk3I/oUIlQMI pWeqiwy36pXKvW5iCrxM1JGXI 0+qWv3iBmacQVMkmN6bpegn5GN Qom+bTYSw1PKBvTIe9aqmjEjZ /NT52SC6sMSBhrWwrJXP09kdHI mEkU2M6I4sgsezPxP6+bYnjjZ 0IlKXLFFovCVBKMyexvMhCaM5Q TSyjTwt5K2IhqytCmU7QhuMsv r5KWV3Wvqt69V66f53EU4BTOo AIuXEMd7qABTWAwhGd4hTdHOi/ Ou/OxaF1z8pkT+APn8weF3Y0y </latexit>
•
•
•
•
•
@2
<latexit sha1 _base64="Cq+x+cPZ/lupK+Hf7 CE724o6Btw=">AAAB63icbVBN S8NAEJ3Ur1q/qh69LLaCF0sSD 3osePFYwX5AG8pmu2mX7m7C7kY ooX/BiwdFvPqHvPlv3LQ5aOuD gcd7M8zMCxPOtHHdb6e0sbm1vV PereztHxweVY9POjpOFaFtEvN Y9UKsKWeStg0znPYSRbEIOe2G0 7vc7z5RpVksH80soYHAY8kiRr DJpau6Xx9Wa27DXQCtE68gNSj QGla/BqOYpIJKQzjWuu/5iQkyr AwjnM4rg1TTBJMpHtO+pRILqo NscescXVhlhKJY2ZIGLdTfExkW Ws9EaDsFNhO96uXif14/NdFtk DGZpIZKslwUpRyZGOWPoxFTlBg +swQTxeytiEywwsTYeCo2BG/1 5XXS8RvedcN/8GvNehFHGc7gH C7Bgxtowj20oA0EJvAMr/DmCOf FeXc+lq0lp5g5hT9wPn8Al1+N Lw==</latexit>
2
<latexit sha1 _base64="QNrn20UV+OjadaItN v/UTZ+UOwo=">AAAB6HicbVBN S8NAEJ3Ur1q/qh69LFbBU0mqo MeCF48t2FpoQ9lsJ+3azSbsboQ S+gu8eFDEqz/Jm//GbZuDtj4Y eLw3w8y8IBFcG9f9dgpr6xubW8 Xt0s7u3v5B+fCoreNUMWyxWMS qE1CNgktsGW4EdhKFNAoEPgTj2 5n/8IRK81jem0mCfkSHkoecUW OlZq1frrhVdw6ySrycVCBHo1/ +6g1ilkYoDRNU665XS4yfUWU4E zgt9VKNCWVjOsSupZJGqP1sfu iUnFtlQMJY2ZKGzNXfExmNtJ5E ge2MqBnpZW8m/ud1UxPe+BmXS WpQssWiMBXExGT2NRlwhcyIiSW UKW5vJWxEFWXGZlOyIXjLL6+S dq3qXVZrzatK/SyPowgncAoX4 ME11OEOGtACBgjP8ApvzqPz4rw 7H4vWgpPPHMMfOJ8/dumMng== </latexit>
0
<latexit sha1 _base64="ysrsGjVgFwk8YcswF ftirwZqIWs=">AAAB6HicbVBN S8NAEJ3Ur1q/qh69LFbBU0mqo MeCF48t2FpoQ9lsJ+3azSbsboQ S+gu8eFDEqz/Jm//GbZuDtj4Y eLw3w8y8IBFcG9f9dgpr6xubW8 Xt0s7u3v5B+fCoreNUMWyxWMS qE1CNgktsGW4EdhKFNAoEPgTj2 5n/8IRK81jem0mCfkSHkoecUW OlptsvV9yqOwdZJV5OKpCj0S9 /9QYxSyOUhgmqdderJcbPqDKcC ZyWeqnGhLIxHWLXUkkj1H42P3 RKzq0yIGGsbElD5urviYxGWk+i wHZG1Iz0sjcT//O6qQlv/IzLJ DUo2WJRmApiYjL7mgy4QmbExBL KFLe3EjaiijJjsynZELzll1dJ u1b1Lqu15lWlfpbHUYQTOIUL8 OAa6nAHDWgBA4RneIU359F5cd6 dj0VrwclnjuEPnM8fc+GMnA== </latexit>
x
<latexit sha1 _base64="MZZ9TFd9CgP2Gh7VX O9h0G60u3s=">AAAB6HicbVDL TgJBEOzFF+IL9ehlIpp4Iiya6 JHEi0dI5JHAhswOvTAyO7uZmTW SDV/gxYPGePWTvPk3DrAHBSvp pFLVne4uPxZcm0rl28mtrW9sbu W3Czu7e/sHxcOjlo4SxbDJIhG pjk81Ci6xabgR2IkV0tAX2PbHt zO//YhK80jem0mMXkiHkgecUW OlxlO/WKqUK3OQVeJmpAQZ6v3 iV28QsSREaZigWnfdamy8lCrDm cBpoZdojCkb0yF2LZU0RO2l80 On5NwqAxJEypY0ZK7+nkhpqPUk 9G1nSM1IL3sz8T+vm5jgxku5j BODki0WBYkgJiKzr8mAK2RGTCy hTHF7K2EjqigzNpuCDcFdfnmV tKpl97JcbVyVamdZHHk4gVO4A BeuoQZ3UIcmMEB4hld4cx6cF+f d+Vi05pxs5hj+wPn8AeEBjOQ= </latexit>
1
<latexit sha1 _base64="cO9LtQxoDdo6Ect+W oRnk/IlGqo=">AAAB6HicbVBN S8NAEJ3Ur1q/qh69LFbBU0mqo MeCF48t2FpoQ9lsJ+3azSbsboQ S+gu8eFDEqz/Jm//GbZuDtj4Y eLw3w8y8IBFcG9f9dgpr6xubW8 Xt0s7u3v5B+fCoreNUMWyxWMS qE1CNgktsGW4EdhKFNAoEPgTj2 5n/8IRK81jem0mCfkSHkoecUW OlptcvV9yqOwdZJV5OKpCj0S9 /9QYxSyOUhgmqdderJcbPqDKcC ZyWeqnGhLIxHWLXUkkj1H42P3 RKzq0yIGGsbElD5urviYxGWk+i wHZG1Iz0sjcT//O6qQlv/IzLJ DUo2WJRmApiYjL7mgy4QmbExBL KFLe3EjaiijJjsynZELzll1dJ u1b1Lqu15lWlfpbHUYQTOIUL8 OAa6nAHDWgBA4RneIU359F5cd6 dj0VrwclnjuEPnM8fdWWMnQ== </latexit>
0
<latexit sha1 _base64="ysrsGjVgFwk8YcswF ftirwZqIWs=">AAAB6HicbVBN S8NAEJ3Ur1q/qh69LFbBU0mqo MeCF48t2FpoQ9lsJ+3azSbsboQ S+gu8eFDEqz/Jm//GbZuDtj4Y eLw3w8y8IBFcG9f9dgpr6xubW8 Xt0s7u3v5B+fCoreNUMWyxWMS qE1CNgktsGW4EdhKFNAoEPgTj2 5n/8IRK81jem0mCfkSHkoecUW OlptsvV9yqOwdZJV5OKpCj0S9 /9QYxSyOUhgmqdderJcbPqDKcC ZyWeqnGhLIxHWLXUkkj1H42P3 RKzq0yIGGsbElD5urviYxGWk+i wHZG1Iz0sjcT//O6qQlv/IzLJ DUo2WJRmApiYjL7mgy4QmbExBL KFLe3EjaiijJjsynZELzll1dJ u1b1Lqu15lWlfpbHUYQTOIUL8 OAa6nAHDWgBA4RneIU359F5cd6 dj0VrwclnjuEPnM8fc+GMnA== </latexit>
2
<latexit sha1_base64="QNrn 20UV+OjadaItNv/UTZ+UOwo=">AAAB6HicbVBNS8NAEJ3Ur1q/q h69LFbBU0mqoMeCF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/J m//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+f CoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem 0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU 665XS4yfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFtlQMJY2ZK GzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExG T2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+Sdq3qXVZrzatK/ SyPowgncAoX4ME11OEOGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMf OJ8/dumMng==</latexit>
GS
<latexit sha1 _base64="VLY0nAInG2L3DmBCV /b2OUvgE9g=">AAAB6XicbVA9 T8MwFHwpX6V8FRhZLAoSU5WEA cZKLAwMBVFaqY2Q4760Vh0nsh2 kKuo/YGEAIVb+ERv/BrfNAC0n WTrd3ZPfuzAVXBvX/XZKK6tr6x vlzcrW9s7uXnX/4EEnmWLYYol IVCekGgWX2DLcCOykCmkcCmyHo 6up335CpXki7804xSCmA8kjzq ix0t1N87Fac+vuDGSZeAWpQQG b/+r1E5bFKA0TVOuu56cmyKkyn AmcVHqZxpSyER1g11JJY9RBPt t0Qk6t0idRouyThszU3xM5jbUe x6FNxtQM9aI3Ff/zupmJLoOcy zQzKNn8oygTxCRkejbpc4XMiLE llCludyVsSBVlxpZTsSV4iycv kwe/7p3X/Vu/1jgp6ijDERzDG XhwAQ24hia0gEEEz/AKb87IeXH enY95tOQUM4fwB87nDzwwjRA= </latexit>
GS
<latexit sha1 _base64="VLY0nAInG2L3DmBCV /b2OUvgE9g=">AAAB6XicbVA9 T8MwFHwpX6V8FRhZLAoSU5WEA cZKLAwMBVFaqY2Q4760Vh0nsh2 kKuo/YGEAIVb+ERv/BrfNAC0n WTrd3ZPfuzAVXBvX/XZKK6tr6x vlzcrW9s7uXnX/4EEnmWLYYol IVCekGgWX2DLcCOykCmkcCmyHo 6up335CpXki7804xSCmA8kjzq ix0t1N87Fac+vuDGSZeAWpQQG b/+r1E5bFKA0TVOuu56cmyKkyn AmcVHqZxpSyER1g11JJY9RBPt t0Qk6t0idRouyThszU3xM5jbUe x6FNxtQM9aI3Ff/zupmJLoOcy zQzKNn8oygTxCRkejbpc4XMiLE llCludyVsSBVlxpZTsSV4iycv kwe/7p3X/Vu/1jgp6ijDERzDG XhwAQ24hia0gEEEz/AKb87IeXH enY95tOQUM4fwB87nDzwwjRA= </latexit>
aLS
<latexit sha1 _base64="6UkfIaZUrfgphCN9t 8FSrhx3ojg=">AAAB6nicdVDL SgMxFL1TX7W+qi7dBKvgqkxGs O2u4MaVVGof0A6SSTNtaCYzJBm hlH6CGxeKuPWL3Pk3ZtoKKnog cDjnXHLvCRLBtXHdDye3srq2vp HfLGxt7+zuFfcP2jpOFWUtGot YdQOimeCStQw3gnUTxUgUCNYJx peZ37lnSvNY3ppJwvyIDCUPOS XGSs3mdeOuWHLLrutijFFGcOX CtaRWq3q4inBmWZRgCZt/7w9im kZMGiqI1j3sJcafEmU4FWxW6K eaJYSOyZD1LJUkYtqfzledoVOr DFAYK/ukQXP1+8SURFpPosAmI 2JG+reXiX95vdSEVX/KZZIaJun iozAVyMQouxsNuGLUiIklhCpu d0V0RBShxrZTsCV8XYr+J22vj M/L3o1Xqp8s68jDERzDGWCoQB2 uoAEtoDCEB3iCZ0c4j86L87qI 5pzlzCH8gPP2CS+XjaU=</late xit>
yXjk
<latexit sha1_base64="pxIO 4OnpESK7Gy8tlic9kG/8pYU=">AAAB63icbVBNS8NAEJ34WetX1 aOXxSp4Ckl60GPBi8cK9gPaUDbbTbt0dxN2N0IJ/QtePCji1T/k zX/jps1BWx8MPN6bYWZelHKmjed9OxubW9s7u5W96v7B4dFx7e S0o5NMEdomCU9UL8KaciZp2zDDaS9VFIuI0240vSv87hNVmiXy0 cxSGgo8lixmBJtC8txGMKzVPddbAK0TvyR1KNEa1r4Go4RkgkpD ONa67wepCXOsDCOczquDTNMUkyke076lEguqw3xx6xxdWWWE4kT ZkgYt1N8TORZaz0RkOwU2E73qFeJ/Xj8z8W2YM5lmhkqyXBRnHJ kEFY+jEVOUGD6zBBPF7K2ITLDCxNh4qjYEf/XlddIJXL/hBg9Bv XlZxlGBc7iAa/DhBppwDy1oA4EJPMMrvDnCeXHenY9l64ZTzpzB HzifP8HtjUs=</latexit> yXjkR
<latexit sha1_base64="d+Il 71yXdtizqLdbSoQNS38TE6g=">AAAB7HicbVBNS8NAEJ34WetX1 aOXxSp4Ckl60GPBi8cKpi20oWy2m3bp7ibsboQS+hu8eFDEqz/I m//GbZuDtj4YeLw3w8y8OONMG8/7djY2t7Z3dit71f2Dw6Pj2s lpW6e5IjQkKU9VN8aaciZpaJjhtJspikXMaSee3M39zhNVmqXy0 UwzGgk8kixhBBsrhZ7bCPxBre653gJonfglqUOJ1qD21R+mJBdU GsKx1j0/yExUYGUY4XRW7eeaZphM8Ij2LJVYUB0Vi2Nn6MoqQ5S kypY0aKH+niiw0HoqYtspsBnrVW8u/uf1cpPcRgWTWW6oJMtFSc 6RSdH8czRkihLDp5Zgopi9FZExVpgYm0/VhuCvvrxO2oHrN9zgI ag3L8s4KnAOF3ANPtxAE+6hBSEQYPAMr/DmSOfFeXc+lq0bTjlz Bn/gfP4AMe2Nhg==</latexit>
yXjkk
<latexit sha1_base64="AsFQ Z92RldWU+rvdaPT7MRy76EA=">AAAB7HicbVBNS8NAEJ34WetX1 aOXxSp4Ckl60GPBi8cKpi20oWy2m3bp7ibsboQS+hu8eFDEqz/I m//GbZuDtj4YeLw3w8y8OONMG8/7djY2t7Z3dit71f2Dw6Pj2s lpW6e5IjQkKU9VN8aaciZpaJjhtJspikXMaSee3M39zhNVmqXy0 UwzGgk8kixhBBsrhZ7bCIJBre653gJonfglqUOJ1qD21R+mJBdU GsKx1j0/yExUYGUY4XRW7eeaZphM8Ij2LJVYUB0Vi2Nn6MoqQ5S kypY0aKH+niiw0HoqYtspsBnrVW8u/uf1cpPcRgWTWW6oJMtFSc 6RSdH8czRkihLDp5Zgopi9FZExVpgYm0/VhuCvvrxO2oHrN9zgI ag3L8s4KnAOF3ANPtxAE+6hBSEQYPAMr/DmSOfFeXc+lq0bTjlz Bn/gfP4AM3GNhw==</latexit>
 
<latexit sha1_base64="ZfqE KAu+5OSaOp47p4T37ziKQGM=">AAAB7HicbVBNS8NAEN34WetX1 aOXxSp4KkkV9Fjw4rGCaQttKJvtpF262YTdiVBCf4MXD4p49Qd5 89+4bXPQ1gcDj/dmmJkXplIYdN1vZ219Y3Nru7RT3t3bPzisHB 23TJJpDj5PZKI7ITMghQIfBUropBpYHEpoh+O7md9+Am1Eoh5xk kIQs6ESkeAMreT3QkDWr1TdmjsHXSVeQaqkQLNf+eoNEp7FoJBL ZkzXq6cY5Eyj4BKm5V5mIGV8zIbQtVSxGEyQz4+d0gurDGiUaFs K6Vz9PZGz2JhJHNrOmOHILHsz8T+vm2F0G+RCpRmC4otFUSYpJn T2OR0IDRzlxBLGtbC3Uj5imnG0+ZRtCN7yy6ukVa95V7X6w3W1c V7EUSKn5IxcEo/ckAa5J03iE04EeSav5M1Rzovz7nwsWtecYuaE /IHz+QO+no6M</latexit>
>"
<latexit sha1_base64="8tUa Qp97Jn0abJHpmVPTzR5EhLw=">AAAB6XicbVA9SwNBEJ3zM8avq KXNYhSswl0stAzapIxiPiA5wt5mLlmyt3fs7gnhyD+wsVDE1n9k 579xk1yhiQ8GHu/NMDMvSATXxnW/nbX1jc2t7cJOcXdv/+CwdH Tc0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHstHM 0nQj+hQ8pAzaqz0UL/tl8puxZ2DrBIvJ2XI0eiXvnqDmKURSsME 1brrVRPjZ1QZzgROi71UY0LZmA6xa6mkEWo/m186JRdWGZAwVra kIXP190RGI60nUWA7I2pGetmbif953dSEN37GZZIalGyxKEwFMT GZvU0GXCEzYmIJZYrbWwkbUUWZseEUbQje8surpFWteFeV6n21X DvP4yjAKZzBJXhwDTWoQwOawCCEZ3iFN2fsvDjvzseidc3JZ07g D5zPHyDkjP4=</latexit>
z
<latexit sha1_base64="bOMq CeNlWF+cSZi3mBGMpWx1f6s=">AAAB6HicbVDLTgJBEOzFF+IL9 ehlIpp4Iiya6JHEi0dI5JHAhswOvTAyO7uZmTXBDV/gxYPGePWT vPk3DrAHBSvppFLVne4uPxZcm0rl28mtrW9sbuW3Czu7e/sHxc Ojlo4SxbDJIhGpjk81Ci6xabgR2IkV0tAX2PbHtzO//YhK80jem 0mMXkiHkgecUWOlxlO/WKqUK3OQVeJmpAQZ6v3iV28QsSREaZig Wnfdamy8lCrDmcBpoZdojCkb0yF2LZU0RO2l80On5NwqAxJEypY 0ZK7+nkhpqPUk9G1nSM1IL3sz8T+vm5jgxku5jBODki0WBYkgJi Kzr8mAK2RGTCyhTHF7K2EjqigzNpuCDcFdfnmVtKpl97JcbVyVa mdZHHk4gVO4ABeuoQZ3UIcmMEB4hld4cx6cF+fd+Vi05pxs5hj+ wPn8AeQJjOY=</latexit>
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Figure 8: Folded-node/Fold of cycles bursting. We take f(x) = 0 and G(x, y, z) = −x3 +A1(z)x+
A2(z) − y(A3(z) − x + x2), where A1(z) = 0.1201z + 0.1871, A2(z) = 0.0906z − 0.0251, A3(z) =
0.105z − 0.3526. The parameter values are: a = 0, c = 1, α = 0, γ = −1, δ = 1, ε = 0.01,
µ = −0.00012, γy = −0.003, γβ = 0.0001. Panels (a-b) show the spike-adding transition in
system (8): (a) in the (z, x) plane; (b) associated bifurcation diagram with respect to parameter β.
Panels (c-d) show a folded-node/fold of cycles bursting orbit: (c) in the (β, z, x) space; (d) x-time
series.
the (x, β)-plane (the dimension of the slow flow corresponds to the number of slow variables), we
obtain the following system for the reduced system (or slow subsystem)
x˙ =
(gz(x, z) + a)(αz + γβ − δx)
f ′(x)− gx(x, z) ,
β˙ = µ− γy (g(x, z)− yfold)2 − γβ(β − βfold)2,
(10)
after substituting for g(x, z) for y from the critical manifold condition. Note that in two of the
three examples that we will consider, g(x, z) = g(x) depends only on x and hence gz(x, z) = 0.
The critical manifold of system (8) is not normally hyperbolic everywhere and, hence, the system
possesses a (1D here) fold set defined by
F := {(x, y, z) ∈ S0; f ′(x) = gx(x, z)}.
This implies that the slow flow (10) of system (8) is not defined along F . The slow flow can
be extended along F by preforming an x-dependent time rescaling which amounts to multiply the
right-hand side of (8) by a factor f ′(x)−gx(x, z), hence yielding the so-called desingularised reduced
system (DRS)
x˙ = (gz(x, z) + a) (αz + γβ − δx),
β˙ =
(
f ′(x)− gx(x, z)
) (
µ− γy (g(x, z)− yfold)2 − γβ(β − βfold)2
)
,
(11)
with z = z(x) defined by S0, that is, g(x, z)−f(x)+αz = 0. In all cases we shall consider (including
the general codimension-3 unfolding of a degenerate BT bifurcation from [16]), z can be written
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as a function of x on S0. As a consequence of this x-dependent time rescaling, the DRS (11) is
regular everywhere in R2 including on F , along which it has the possibility for equilibria simply
by appearance of the factor f ′(x) − gx(x, z) in the β-equation. The equilibrium condition is then
that x˙ = 0 in (11) together with f ′(x) − gx(x, z), which conveys the idea already seen in the 3D
(bursting) case. That is, a singularity of the reduced system at a point on F can be resolved if and
only if the numerator of the right-hand side of x˙ in that system vanishes at this point and the zeros
of the two algebraic expressions to be of the same order. Such points are called folded singularities
(or folded equilibria) and they are the equivalent of canard points in the cases with (at least) two
slow variables. Folded equilibria are equilibria of the DRS (11) and, according to their topological
type as equilibria of the DRS, one can generically define folded nodes, folded saddles and folded
foci. However they are not equilibria of the reduced system (10) due to the singular time rescaling
performed to pass from one to the other. Indeed, this time rescaling is chosen so that trajectories
of the DRS have reversed orientation on the repelling sheet of S0 compared to trajectories of the
reduced system (both have the same orientation along the attracting sheet). Hence, in the case of
folded nodes and folded saddles, trajectories starting on the attracting sheet of S0 may cross the
folded singularity in finite time and with finite speed.
The Jacobian matrix of (11) evaluated at a folded equilibrium has the form
J =
(
(−δ + αz′(x))(gz(x, z) + a) γ(gz(x, z) + a)
K2 0
)
, (12)
where
K2 = (f
′′(x)− ∂xgx(x, z))
(
µ− γy (g(x, z)− yfold)2 − γβ(β − βfold)2
)
.
From (12), one can easily write down conditions that enable the emergence of a folded-node sin-
gularity (tr(J) < 0, det J > 0, tr(J)2 − 4 det J > 0) or a folded-saddle singularity (det J < 0) in
the reduced system. As we will explain below, even though only the folded-node case gives rise
to robust bursting patterns, the folded-saddle case is still interesting in the study of 4D bursters
with two slow variables. One also can easily verify that our minimal example systems all give
rise to a folded-node case. Indeed, in the folded-node/homoclinic (Figure 6) and folded-node/Hopf
(Figure 7) bursting cases, system (8) has the form
x′ = (y − x3 + 3x2 + z)/c,
y′ = 1− 5x2 − y,
z′ = ε(αz + γβ − δx),
β′ = ε
(
µ− γy(y − yfold)2 − γβ(β − βfold)2
)
,
(13)
which hence gives the following DRS’s Jacobian matrix
J1,2 =
(−δ γ
K2 0
)
, (14)
with: K2 = (−6xfs − 4)
(
µ− γy
(
1− 5x2fs − yfold
)2 − γβ(β − βfold)2), and xfs = −4/3. Given the
chosen parameter values corresponding to Figures. 6 and 7, then we immediately conclude that we
have indeed a folded node. Likewise, in the folded-node/fold of cycles case illustrated in Figure 8,
the slow-fast system corresponding to (8) is
x′ = y,
y′ = −x3 +A1(z)x+A2(z)− y(A3(z)− x+ x2),
z′ = ε(αz + γβ − δx),
β′ = ε
(
µ− γy(y − yfold)2 − γβ(β − βfold)2
)
,
(15)
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where Ai = aiz+bi (i = 1, 2, 3) are linear functions of z. Therefore, we obtain the associated DRS’s
Jacobian matrix
J1,2 =
((
−δ + α3x2fs−b1a1+a2
)
(a1xfs + a2) γ(a1xfs + a2)
K2 0
)
, (16)
with: K2 = (6xfs − a1)
(
µ− γyy2fold − γβ(β − βfold)2
)
and xfs solution to
−3x2fs + a
x3fs − b1xfs − b2
a1 + a2
+ b1 = 0.
Substituting the parameter values for their chosen numerical value mentioned in the caption of
Figure 8 allows to conclude that we are indeed dealing with a folded node.
One can obtain the general DRS (11) by applying implicit differentiation to one algebraic equation
only (the right-hand side of the x˙ equation in the original system) and substituting g(x, z) for y
(coming from the second algebraic equation). This gives the same result as the DRS obtained from
both algebraic constraint together. Indeed, in all generality, applying implicit differentiation to the
two algebraic equations of the slow subsystem gives( −f ′(x) 1
−gx(x, z) 1
)(
x˙
y˙
)
=
( −a
gz(x, z)
)
(αz + γβ − δx)
z˙ = αz + γβ − δx,
β˙ = µ− γy(y − yfold)2 − γβ(β − βfold)2,
(17)
which by Kramer’s rule is equivalent, after posing
J =
( −f ′(x) 1
−gx(x, z) 1
)
,
(Jacobian matrix of the original vector field with respect to the fast variables at ε = 0) to
det(J)
(
x˙
y˙
)
= Adj(J)
(
a
−gz(x, z)
)
(αz + γβ − δx)
z˙ = αz + γβ − δx,
β˙ = µ− γy(y − yfold)2 − γβ(β − βfold)2,
(18)
where det(J) = gx(x, z)− f ′(x) and
Adj(J) =
(
1 −1
gx(x, z) −f ′(x)
)
,
denote the determinant and the adjugate matrix of J, respectively. The previous system is singular
when det(J) vanishes, which happens on the fold set. It can be desingularized by rescaling time by
a factor det(J), which brings the DRS in its most general form, namely(
x˙
y˙
)
= Adj(J)
(
a
−gz(x, z)
)
(αz + γβ − δx)
z˙ = det(J)(αz + γβ − δx)
β˙ = det(J)
(
µ− γy(y − yfold)2 − γβ(β − βfold)2
)
.
(19)
After being projected onto the (x, β)-space, system (19) then takes the form
x˙ = (a+ gz(x, z))(αz + γβ − δx)
β˙ = (f ′(x)− gx(x, z))
(
µ− γy(y − yfold)2 − γβ(β − βfold)2
)
,
(20)
which indeed agrees with (11).
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With the above analysis, we can construct in principle any folded-node burster of our liking. We
showcase three examples. First, a folded-node homoclinic burster is presented in Fig. 6 and we also
show in the bottom panels a comparison with data from [48] (also displayed in Fig. 4). Note that
our idealized model was not initially designed to explain these data, yet the time profiles match
remarkably well. The strong similarity between our idealized model and these data suggest that
folded-node bursting constructions could potentially inform the design of biophysical models. Then,
a folded-node Hopf burster is presented in Fig. 7. Last, a folded-node fold-cycle burster is shown in
Fig. 8. In each of these three figures, we show in panel (a) the classical Rinzel dissection between the
bifurcation diagram of the 2D fast subsystem of the underlying 3D fold-initiated bursting model,
and several limit cycles of this 3D bursting model undergoing a spike-adding canard explosion.
In panel (b), we show the bifurcation diagram of the 3D bursting system upon variation of the
parameter which will become the second slow variable of the folded-node burster, and this diagram
displays spike-adding canard explosion. Note that a full analysis of these spike-adding canard
explosion scenarios is beyond the scope of the present work as it is by-and-large an open research
question. In panels (c), we show a folded-node bursting cycle in a 3D phase-space projection
together with the critical manifold S0. In panel (d), we plot the time series of this cycle for the fast
variable x. More examples of folded-node bursting scenarios can be constructed by following the
procedure highlighted above and by choosing a different bifurcation of the fast subsystem ending
the burst.
Finally, we quickly reflect on why folded-saddle bursting is not robust. The folded-saddle case
is simply a different parameter regime in the slow subsystem, however the resulting dynamics is
substantially different than that generated by a folded node. In neuron models with (at least) two
slow variables, folded saddles and their associated canard solutions play the role of firing threshold.
In particular, in the context of bursting system, they have recently been shown to organise the spike-
adding transition in parabolic bursters [14, 13]. Counterintuitively, small-amplitude oscillations can
also emerge in the vicinity of a folded saddle; see [37] for a rigorous analysis of this phenomenon
and also [11, 13] for further related work. However, there is no funnel near a folded saddle and the
canard dynamics is hence not robust, which applies no matter how many fast variables the system
possesses, so in particular in the context of bursting. This is why, in systems with (at least) two fast
and two slow variables, only the folded-node case gives rise to a new class of bursting oscillations.
3.2.3 Existence of folded-node bursting solutions
Mixed-mode oscillations have been the subject of intense research in the past few decades, in
particular (more recently) in the context of multiple-timescale systems; see [10]. However, there
are very few results guaranteeing the existence of MMOs. One example is due to Brøns, Krupa
and Wechselberger in [7], where they prove the existence of “simple” patterns of MMOs —with
one large-amplitude oscillations and s small-amplitude oscillations, hence denoted a 1s MMO—
using a perturbation argument (in ε) from a singular orbit that they construct using both slow
and fast limits of the original system. Their strategy can be adapted to prove the existence of
a folded-node bursting periodic orbit by ε-perturbation of a singular orbit. The segment of that
singular orbit constructed using the slow flow is basically the same as in the MMO case, that is,
it lies in the singular funnel or on the strong canard of the folded node. However, in the case of
folded-node bursting the fast subsystem is of dimension 2 and displays limit cycles in the fast part
of the cycle. Therefore one needs to concatenate the slow-flow segment with a segment along the
averaged slow flow of the system; see e.g. [47] for details. The averaged slow flow is defined using
the fast subsystem in its oscillatory regime and averaging out the fast variables x and y along one
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Figure 9: Singular periodic orbit from which an MMBO perturbs for small enough ε > 0. Together
with the attracting S0a and repelling S
0
r sheets of the critical manifold, the lower fold curve F−, and
the folded node fn, also shown on this figure are the average slow nullsurface A, the singular strong
γ0s and weak γ
0
w canards, the landing-up point pu, the landing-down point pd and the singular
periodic orbit Γsing.
cycle to define a slow motion for the slow variables z and β; its equations are hence given by:
x′ = (y − f(x) + az)/c,
y′ = G(x, y, z),
z′ = αz + γβ − δ〈x〉,
β′ = µ− γy
Tz
∫ T (z)
0
(y(s)− yfold)2 − γβ(β(s)− βfold)2ds.
(21)
Hence the singular orbit is formed by the following segments (see Figure 9):
1. A critical fiber connecting the folded node to the landing-up point pu;
2. A trajectory of the averaged slow flow ending along the line of bifurcation points of the fast
subsystem ending the burst;
3. A fast fiber connecting that point to landing-down point pd;
4. A segment of the slow flow connecting pd to the folded node.
3.3 Cyclic folded-node case
In the same spirit as in Section 3.2, one can construct interesting bursting rhythms where the slow
oscillations occur on the envelope of the burst and this is due to what we will denote cyclic folded
node. Parallel to the construction of a folded-node burster system, one can construct a cyclic-folded-
node burster system by considering a three-dimensional slow-fast system which possesses torus
canard solutions. Loosely speaking, this corresponds to a canard phenomenon with a fast rotation.
Already mentioned by Izhikevich in [29] in a canonical model, it was later found in a biophysical
model of Cerebellar Purkinje cell exhibiting fold/fold cycle bursting [31], and subsequently analysed
with more mathematical details in, e.g., [2, 8]. Even though to date not all elements of torus
canard transitions have been mathematically unravelled, one can summarise this phenomenon by
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a
<latexit sha1 _base64="FVTk8ndZ0GXhgxKhR oOhqqxSv6U=">AAAB6HicbVBN S8NAEJ3Ur1q/qh69LFbBU0mqo MeCF48t2FpoQ9lsJ+3azSbsboQ S+gu8eFDEqz/Jm//GbZuDtj4Y eLw3w8y8IBFcG9f9dgpr6xubW8 Xt0s7u3v5B+fCoreNUMWyxWMS qE1CNgktsGW4EdhKFNAoEPgTj2 5n/8IRK81jem0mCfkSHkoecUW OlJu2XK27VnYOsEi8nFcjR6Je /eoOYpRFKwwTVuuvVEuNnVBnOB E5LvVRjQtmYDrFrqaQRaj+bHz ol51YZkDBWtqQhc/X3REYjrSdR YDsjakZ62ZuJ/3nd1IQ3fsZlk hqUbLEoTAUxMZl9TQZcITNiYgl littbCRtRRZmx2ZRsCN7yy6uk Xat6l9Va86pSP8vjKMIJnMIFe HANdbiDBrSAAcIzvMKb8+i8OO/ Ox6K14OQzx/AHzucPviWMzQ== </latexit>
r
<latexit sha1 _base64="ASgUeWM4SxNxPcXg0 e36ca/YURo=">AAAB6HicbVBN S8NAEJ3Ur1q/qh69LFbBU0mqo MeCF48t2FpoQ9lsJ+3azSbsboQ S+gu8eFDEqz/Jm//GbZuDtj4Y eLw3w8y8IBFcG9f9dgpr6xubW8 Xt0s7u3v5B+fCoreNUMWyxWMS qE1CNgktsGW4EdhKFNAoEPgTj2 5n/8IRK81jem0mCfkSHkoecUW OlpuqXK27VnYOsEi8nFcjR6Je /eoOYpRFKwwTVuuvVEuNnVBnOB E5LvVRjQtmYDrFrqaQRaj+bHz ol51YZkDBWtqQhc/X3REYjrSdR YDsjakZ62ZuJ/3nd1IQ3fsZlk hqUbLEoTAUxMZl9TQZcITNiYgl littbCRtRRZmx2ZRsCN7yy6uk Xat6l9Va86pSP8vjKMIJnMIFe HANdbiDBrSAAcIzvMKb8+i8OO/ Ox6K14OQzx/AHzucP1+mM3g== </latexit>
y
<latexit sha1 _base64="16BqUfGlZTGgASKa0 BgeCavRuJc=">AAAB6HicbVA9 SwNBEJ2LXzF+RS1tFqNgFe5io WXAxjIB8wHJEfY2c8mavb1jd08 IR36BjYUitv4kO/+Nm+QKTXww 8Hhvhpl5QSK4Nq777RQ2Nre2d4 q7pb39g8Oj8vFJW8epYthisYh VN6AaBZfYMtwI7CYKaRQI7ASTu 7nfeUKleSwfzDRBP6IjyUPOqL FS0x2UK27VXYCsEy8nFcjRGJS /+sOYpRFKwwTVuufVEuNnVBnOB M5K/VRjQtmEjrBnqaQRaj9bHD ojl1YZkjBWtqQhC/X3REYjradR YDsjasZ61ZuL/3m91IS3fsZlk hqUbLkoTAUxMZl/TYZcITNiagl littbCRtTRZmx2ZRsCN7qy+uk Xat619Vas1apX+RxFOEMzuEKP LiBOtxDA1rAAOEZXuHNeXRenHf nY9lacPKZU/gD5/MHc0GMmg== </latexit>
Ryyyyy
<latexit sha1_base64="EAu+ An9sgJ/54BmEuCyOvhJRTfc=">AAAB7XicbZC7TsMwFIZPyq2UW 4GRxaIgMVVJOsBYiYWxSPQitVHluE5r6tiR7SBVUd+BhQGEWHkf Nt4Gp80ALb9k6dN/zpHP+cOEM21c99spbWxube+Udyt7+weHR9 Xjk46WqSK0TSSXqhdiTTkTtG2Y4bSXKIrjkNNuOL3N690nqjST4 sHMEhrEeCxYxAg21up4bq5htebWF+SidfAKqEGh1rD6NRhJksZU GMKx1n3PT0yQYWUY4XReGaSaJphM8Zj2LQocUx1ki23n6NI6IxR JZZ8waOH+nshwrPUsDm1njM1Er9Zy879aPzXRTZAxkaSGCrL8KE o5MhLlp6MRU5QYPrOAiWJ2V0QmWGFibEAVG4K3evI6dPy616j79 36teVHEUYYzOIcr8OAamnAHLWgDgUd4hld4c6Tz4rw7H8vWklPM nMIfOZ8/nACNvQ==</latexit>
8yyyy
<latexit sha1 _base64="GMXNDtKFM3whTARu9 /sWcpbw85Y=">AAAB7HicbVBN S8NAEJ34WetX1aOXxSp4KklF9 Fjw4rGCaQttKJvtpl262YTdiVB Cf4MXD4p49Qd589+4bXPQ1gcD j/dmmJkXplIYdN1vZ219Y3Nru7 RT3t3bPzisHB23TJJpxn2WyER 3Qmq4FIr7KFDyTqo5jUPJ2+H4b ua3n7g2IlGPOEl5ENOhEpFgFK 3kX7sW/UrVrblzkFXiFaQKBZr 9yldvkLAs5gqZpMZ0vXqKQU41C ib5tNzLDE8pG9Mh71qqaMxNkM +PnZILqwxIlGhbCslc/T2R09iY SRzazpjiyCx7M/E/r5thdBvkQ qUZcsUWi6JMEkzI7HMyEJozlBN LKNPC3krYiGrK0OZTtiF4yy+v kla95l3V6g/1auO8iKMEp3AGl +DBDTTgHprgAwMBz/AKb45yXpx 352PRuuYUMyfwB87nDzODjYc= </latexit>
@0.4
<latexit sha1 _base64="KMYm+T6Zh2y6q7yQl vevnxtYhc8=">AAAB7XicbVBN SwMxEJ2tX7V+VT16CbaCF5fdV dBjwYvHCvYD2qVk02wbm02WJCu U0v/gxYMiXv0/3vw3pu0etPXB wOO9GWbmRSln2njet1NYW9/Y3C pul3Z29/YPyodHTS0zRWiDSC5 VO8KaciZowzDDaTtVFCcRp61od DvzW09UaSbFgxmnNEzwQLCYEW ys1Lyoeu5VtVeueK43B1olfk4 qkKPeK391+5JkCRWGcKx1xw9SE 06wMoxwOi11M01TTEZ4QDuWCp xQHU7m107RmVX6KJbKljBorv6e mOBE63ES2c4Em6Fe9mbif14nM /FNOGEizQwVZLEozjgyEs1eR32 mKDF8bAkmitlbERlihYmxAZVs CP7yy6ukGbj+pRvcB5VaNY+jC CdwCufgwzXU4A7q0AACj/AMr/D mSOfFeXc+Fq0FJ585hj9wPn8A dFSNow==</latexit>
yX9
<latexit sha1 _base64="h7hNSUmhbDObc4/lR ZdUbBKRqCg=">AAAB6nicbVBN S8NAEJ3Ur1q/qh69LFbBU0iio MeCF48V7Qe0oWy2m3bp7ibsboQ S+hO8eFDEq7/Im//GbZuDtj4Y eLw3w8y8KOVMG8/7dkpr6xubW+ Xtys7u3v5B9fCopZNMEdokCU9 UJ8KaciZp0zDDaSdVFIuI03Y0v p357SeqNEvko5mkNBR4KFnMCD ZWevDcq3615rneHGiV+AWpQYF Gv/rVGyQkE1QawrHWXT9ITZhjZ RjhdFrpZZqmmIzxkHYtlVhQHe bzU6fo3CoDFCfKljRorv6eyLHQ eiIi2ymwGellbyb+53UzE9+EO ZNpZqgki0VxxpFJ0OxvNGCKEsM nlmCimL0VkRFWmBibTsWG4C+/ vEpagetfusF9UKufFXGU4QRO4 QJ8uIY63EEDmkBgCM/wCm8Od16 cd+dj0Vpyiplj+APn8wdSMI0Q </latexit>
t
<latexit sha1_base64="jUo8 jX/HCVQ961tKZQJ535UB9nw=">AAAB6HicbVBNS8NAEN3Ur1q/q h69LFbBU0mqoMeCF48t2FpoQ9lsJ+3azSbsToQS+gu8eFDEqz/J m//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfH jUNnGqObR4LGPdCZgBKRS0UKCETqKBRYGEh2B8O/MfnkAbEat7n CTgR2yoRCg4Qys1sV+uuFV3DrpKvJxUSI5Gv/zVG8Q8jUAhl8yY rldL0M+YRsElTEu91EDC+JgNoWupYhEYP5sfOqXnVhnQMNa2FNK 5+nsiY5ExkyiwnRHDkVn2ZuJ/XjfF8MbPhEpSBMUXi8JUUozp7G s6EBo4yokljGthb6V8xDTjaLMp2RC85ZdXSbtW9S6rteZVpX6Wx 1EkJ+SUXBCPXJM6uSMN0iKcAHkmr+TNeXRenHfnY9FacPKZY/IH zucP2vGM4A==</latexit>
x
<latexit sha1 _base64="MZZ9TFd9CgP2Gh7VX O9h0G60u3s=">AAAB6HicbVDL TgJBEOzFF+IL9ehlIpp4Iiya6 JHEi0dI5JHAhswOvTAyO7uZmTW SDV/gxYPGePWTvPk3DrAHBSvp pFLVne4uPxZcm0rl28mtrW9sbu W3Czu7e/sHxcOjlo4SxbDJIhG pjk81Ci6xabgR2IkV0tAX2PbHt zO//YhK80jem0mMXkiHkgecUW OlxlO/WKqUK3OQVeJmpAQZ6v3 iV28QsSREaZigWnfdamy8lCrDm cBpoZdojCkb0yF2LZU0RO2l80 On5NwqAxJEypY0ZK7+nkhpqPUk 9G1nSM1IL3sz8T+vm5jgxku5j BODki0WBYkgJiKzr8mAK2RGTCy hTHF7K2EjqigzNpuCDcFdfnmV tKpl97JcbVyVamdZHHk4gVO4A BeuoQZ3UIcmMEB4hld4cx6cF+f d+Vi05pxs5hj+wPn8AeEBjOQ= </latexit>
U#V
<latexit sha1_base64="jqXT MJX6NtEdjCPsVqHDkcanouA=">AAAB6nicdVDJSgNBEK2JW4xb1 KOXxijEyzAzIWZyC3jxGNEskAyhp9OTNOlZ6O4RwpBP8OJBEa9+ kTf/xs4iqOiDgsd7VVTV8xPOpLKsDyO3tr6xuZXfLuzs7u0fFA +P2jJOBaEtEvNYdH0sKWcRbSmmOO0mguLQ57TjT67mfueeCsni6 E5NE+qFeBSxgBGstHRb9i8GxZJl1t1qtVJFlmlZl45T06Red13b RrZW5ijBCs1B8b0/jEka0kgRjqXs2U6ivAwLxQins0I/lTTBZIJ HtKdphEMqvWxx6gyda2WIgljoihRaqN8nMhxKOQ193RliNZa/vb n4l9dLVeB6GYuSVNGILBcFKUcqRvO/0ZAJShSfaoKJYPpWRMZYY KJ0OgUdwten6H/Sdky7Yjo3TqlxtoojDydwCmWwoQYNuIYmtIDA CB7gCZ4NbjwaL8brsjVnrGaO4QeMt08D2Y2J</latexit>
yXRN
<latexit sha1_base64="1PKL j7/IR/P0FuC7lXbRcslCp9w=">AAAB63icbVBNS8NAEJ34WetX1 aOXxSp4Ckk8qLeCF48V7Ae0oWy2m3bp7ibsboQS+he8eFDEq3/I m//GTZuDtj4YeLw3w8y8KOVMG8/7dtbWNza3tis71d29/YPD2t FxWyeZIrRFEp6oboQ15UzSlmGG026qKBYRp51oclf4nSeqNEvko 5mmNBR4JFnMCDaF5Ln+7aBW91xvDrRK/JLUoURzUPvqDxOSCSoN 4Vjrnh+kJsyxMoxwOqv2M01TTCZ4RHuWSiyoDvP5rTN0YZUhihN lSxo0V39P5FhoPRWR7RTYjPWyV4j/eb3MxDdhzmSaGSrJYlGccW QSVDyOhkxRYvjUEkwUs7ciMsYKE2PjqdoQ/OWXV0k7cP0rN3gI6 o3zMo4KnMIZXIIP19CAe2hCCwiM4Rle4c0Rzovz7nwsWteccuYE /sD5/AHJf41Q</latexit>
yXkj
<latexit sha1_base64="ndTZ C7cOUm5BGjVmtVjQ4mMbn4k=">AAAB63icbVBNS8NAEJ34WetX1 aOXxSp4Ckl60GPBi8cK9gPaUDbbTbt0dxN2N0IJ/QtePCji1T/k zX/jps1BWx8MPN6bYWZelHKmjed9OxubW9s7u5W96v7B4dFx7e S0o5NMEdomCU9UL8KaciZp2zDDaS9VFIuI0240vSv87hNVmiXy0 cxSGgo8lixmBJtC8tygMazVPddbAK0TvyR1KNEa1r4Go4RkgkpD ONa67wepCXOsDCOczquDTNMUkyke076lEguqw3xx6xxdWWWE4kT ZkgYt1N8TORZaz0RkOwU2E73qFeJ/Xj8z8W2YM5lmhkqyXBRnHJ kEFY+jEVOUGD6zBBPF7K2ITLDCxNh4qjYEf/XlddIJXL/hBg9Bv XlZxlGBc7iAa/DhBppwDy1oA4EJPMMrvDnCeXHenY9l64ZTzpzB HzifP8HsjUs=</latexit>
yX98
<latexit sha1_base64="tmVB czAHdNaNI0MDG7nuMhvU+hU=">AAAB63icbVBNS8NAEJ3Ur1q/q h69LFbBU0iqoseCF48V7Ae0oWy2m3bp7ibsboQS+he8eFDEq3/I m//GTZuDtj4YeLw3w8y8MOFMG8/7dkpr6xubW+Xtys7u3v5B9f CoreNUEdoiMY9VN8SaciZpyzDDaTdRFIuQ0044ucv9zhNVmsXy0 UwTGgg8kixiBJtc8tyr60G15rneHGiV+AWpQYHmoPrVH8YkFVQa wrHWPb+emCDDyjDC6azSTzVNMJngEe1ZKrGgOsjmt87QuVWGKIq VLWnQXP09kWGh9VSEtlNgM9bLXi7+5/VSE90GGZNJaqgki0VRyp GJUf44GjJFieFTSzBRzN6KyBgrTIyNp2JD8JdfXiXtuutfuvWHe q1xVsRRhhM4hQvw4QYacA9NaAGBMTzDK7w5wnlx3p2PRWvJKWaO 4Q+czx/H/o1P</latexit>
yXN8
<latexit sha1_base64="b0I+ koLaBZZ4KopiOyanOIdXjSw=">AAAB63icbVBNS8NAEJ3Ur1q/q h69LFbBU0gqot4KXjxWsB/QhrLZbtqlu5uwuxFK6F/w4kERr/4h b/4bN20O2vpg4PHeDDPzwoQzbTzv2ymtrW9sbpW3Kzu7e/sH1c Ojto5TRWiLxDxW3RBrypmkLcMMp91EUSxCTjvh5C73O09UaRbLR zNNaCDwSLKIEWxyyXNvrwbVmud6c6BV4hekBgWag+pXfxiTVFBp CMda9/x6YoIMK8MIp7NKP9U0wWSCR7RnqcSC6iCb3zpD51YZoih WtqRBc/X3RIaF1lMR2k6BzVgve7n4n9dLTXQTZEwmqaGSLBZFKU cmRvnjaMgUJYZPLcFEMXsrImOsMDE2nooNwV9+eZW0665/6dYf6 rXGWRFHGU7gFC7Ah2towD00oQUExvAMr/DmCOfFeXc+Fq0lp5g5 hj9wPn8Az5eNVA==</latexit>
k8yyy
<latexit sha1_base64="K+90 W1merXdAhXiGd4YocKvNzLw=">AAAB7HicbVBNS8NAEJ34WetX1 aOXxSp4KklE9Fjw4rGCaQttKJvtpl262YTdiVBKf4MXD4p49Qd5 89+4bXPQ1gcDj/dmmJkXZVIYdN1vZ219Y3Nru7RT3t3bPzisHB 03TZprxgOWylS3I2q4FIoHKFDydqY5TSLJW9Hobua3nrg2IlWPO M54mNCBErFgFK0U+Neu6/YqVbfmzkFWiVeQKhRo9Cpf3X7K8oQr ZJIa0/H8DMMJ1SiY5NNyNzc8o2xEB7xjqaIJN+FkfuyUXFilT+J U21JI5urviQlNjBknke1MKA7NsjcT//M6Oca34USoLEeu2GJRnE uCKZl9TvpCc4ZybAllWthbCRtSTRnafMo2BG/55VXS9GveVc1/8 Kv18yKOEpzCGVyCBzdQh3toQAAMBDzDK7w5ynlx3p2PReuaU8yc wB84nz82jo2J</latexit>
8yyyy
<latexit sha1_base64="GMXN DtKFM3whTARu9/sWcpbw85Y=">AAAB7HicbVBNS8NAEJ34WetX1 aOXxSp4KklF9Fjw4rGCaQttKJvtpl262YTdiVBCf4MXD4p49Qd5 89+4bXPQ1gcDj/dmmJkXplIYdN1vZ219Y3Nru7RT3t3bPzisHB 23TJJpxn2WyER3Qmq4FIr7KFDyTqo5jUPJ2+H4bua3n7g2IlGPO El5ENOhEpFgFK3kX7sW/UrVrblzkFXiFaQKBZr9yldvkLAs5gqZ pMZ0vXqKQU41Cib5tNzLDE8pG9Mh71qqaMxNkM+PnZILqwxIlGh bCslc/T2R09iYSRzazpjiyCx7M/E/r5thdBvkQqUZcsUWi6JMEk zI7HMyEJozlBNLKNPC3krYiGrK0OZTtiF4yy+vkla95l3V6g/1a uO8iKMEp3AGl+DBDTTgHprgAwMBz/AKb45yXpx352PRuuYUMyfw B87nDzODjYc=</latexit>
y
<latexit sha1_base64="16Bq UfGlZTGgASKa0BgeCavRuJc=">AAAB6HicbVA9SwNBEJ2LXzF+R S1tFqNgFe5ioWXAxjIB8wHJEfY2c8mavb1jd08IR36BjYUitv4k O/+Nm+QKTXww8Hhvhpl5QSK4Nq777RQ2Nre2d4q7pb39g8Oj8v FJW8epYthisYhVN6AaBZfYMtwI7CYKaRQI7ASTu7nfeUKleSwfz DRBP6IjyUPOqLFS0x2UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTV uufVEuNnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojl1YZkjBWtqQ hC/X3REYjradRYDsjasZ61ZuL/3m91IS3fsZlkhqUbLkoTAUxMZ l/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukXat619Vas1apX +RxFOEMzuEKPLiBOtxDA1rAAOEZXuHNeXRenHfnY9lacPKZU/gD 5/MHc0GMmg==</latexit>
@1
<latexit sha1_base64="9QRg E8iJdAyb8KmBsqCvqA7ii8s=">AAAB63icbVBNS8NAEJ3Ur1q/q h69LLaCF0sSD3osePFYwX5AG8pmu2mX7m7C7kYooX/BiwdFvPqH vPlv3LQ5aOuDgcd7M8zMCxPOtHHdb6e0sbm1vVPereztHxweVY 9POjpOFaFtEvNY9UKsKWeStg0znPYSRbEIOe2G07vc7z5RpVksH 80soYHAY8kiRrDJpau6Vx9Wa27DXQCtE68gNSjQGla/BqOYpIJK QzjWuu/5iQkyrAwjnM4rg1TTBJMpHtO+pRILqoNscescXVhlhKJ Y2ZIGLdTfExkWWs9EaDsFNhO96uXif14/NdFtkDGZpIZKslwUpR yZGOWPoxFTlBg+swQTxeytiEywwsTYeCo2BG/15XXS8RvedcN/8 GvNehFHGc7gHC7Bgxtowj20oA0EJvAMr/DmCOfFeXc+lq0lp5g5 hT9wPn8AldqNLg==</latexit>
R
<latexit sha1_base64="9Zpt nZzj2IXdRkENzP30QhNDKbY=">AAAB6HicbVA9SwNBEJ2LXzF+R S1tFqNgFe5ioWXAxjIB8wHJEfY2c8mavb1jd08IR36BjYUitv4k O/+Nm+QKTXww8Hhvhpl5QSK4Nq777RQ2Nre2d4q7pb39g8Oj8v FJW8epYthisYhVN6AaBZfYMtwI7CYKaRQI7ASTu7nfeUKleSwfz DRBP6IjyUPOqLFS0xuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTV uufVEuNnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojl1YZkjBWtqQ hC/X3REYjradRYDsjasZ61ZuL/3m91IS3fsZlkhqUbLkoTAUxMZ l/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukXat619Vas1apX +RxFOEMzuEKPLiBOtxDA1rAAOEZXuHNeXRenHfnY9lacPKZU/gD 5/MHdMWMmw==</latexit>
t
<latexit sha1_base64="jUo8 jX/HCVQ961tKZQJ535UB9nw=">AAAB6HicbVBNS8NAEN3Ur1q/q h69LFbBU0mqoMeCF48t2FpoQ9lsJ+3azSbsToQS+gu8eFDEqz/J m//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfH jUNnGqObR4LGPdCZgBKRS0UKCETqKBRYGEh2B8O/MfnkAbEat7n CTgR2yoRCg4Qys1sV+uuFV3DrpKvJxUSI5Gv/zVG8Q8jUAhl8yY rldL0M+YRsElTEu91EDC+JgNoWupYhEYP5sfOqXnVhnQMNa2FNK 5+nsiY5ExkyiwnRHDkVn2ZuJ/XjfF8MbPhEpSBMUXi8JUUozp7G s6EBo4yokljGthb6V8xDTjaLMp2RC85ZdXSbtW9S6rteZVpX6Wx 1EkJ+SUXBCPXJM6uSMN0iKcAHkmr+TNeXRenHfnY9FacPKZY/IH zucP2vGM4A==</latexit>
x
<latexit sha1_base64="MZZ9 TFd9CgP2Gh7VXO9h0G60u3s=">AAAB6HicbVDLTgJBEOzFF+IL9 ehlIpp4Iiya6JHEi0dI5JHAhswOvTAyO7uZmTWSDV/gxYPGePWT vPk3DrAHBSvppFLVne4uPxZcm0rl28mtrW9sbuW3Czu7e/sHxc Ojlo4SxbDJIhGpjk81Ci6xabgR2IkV0tAX2PbHtzO//YhK80jem 0mMXkiHkgecUWOlxlO/WKqUK3OQVeJmpAQZ6v3iV28QsSREaZig Wnfdamy8lCrDmcBpoZdojCkb0yF2LZU0RO2l80On5NwqAxJEypY 0ZK7+nkhpqPUk9G1nSM1IL3sz8T+vm5jgxku5jBODki0WBYkgJi Kzr8mAK2RGTCyhTHF7K2EjqigzNpuCDcFdfnmVtKpl97JcbVyVa mdZHHk4gVO4ABeuoQZ3UIcmMEB4hld4cx6cF+fd+Vi05pxs5hj+ wPn8AeEBjOQ=</latexit>
•
•
•
• •
•
•
•
UV
<latexit sha1_base64="bn4u frsIMsr6Dnqs5xs0DK7RrS0=">AAAB6nicdVDJSgNBEK2JW4xb1 KOXxijEy9AzMSS5Bbx4jGgWSIbQ0+kkTXoWunuEMOQTvHhQxKtf 5M2/sbMIKvqg4PFeFVX1/FhwpTH+sDJr6xubW9nt3M7u3v5B/v CopaJEUtakkYhkxyeKCR6ypuZasE4sGQl8wdr+5Grut++ZVDwK7 /Q0Zl5ARiEfckq0kW6L5KKfL2C7VsOXZRdhu4zdioMNwSW3Wqsi x8YLFGCFRj//3htENAlYqKkgSnUdN9ZeSqTmVLBZrpcoFhM6ISP WNTQkAVNeujh1hs6NMkDDSJoKNVqo3ydSEig1DXzTGRA9Vr+9uf iX1030sOqlPIwTzUK6XDRMBNIRmv+NBlwyqsXUEEIlN7ciOiaSU G3SyZkQvj5F/5OWazsl271xC/WzVRxZOIFTKIIDFajDNTSgCRRG 8ABP8GwJ69F6sV6XrRlrNXMMP2C9fQLt4Y16</latexit>
U#V
<latexit sha1_base64="jqXT MJX6NtEdjCPsVqHDkcanouA=">AAAB6nicdVDJSgNBEK2JW4xb1 KOXxijEyzAzIWZyC3jxGNEskAyhp9OTNOlZ6O4RwpBP8OJBEa9+ kTf/xs4iqOiDgsd7VVTV8xPOpLKsDyO3tr6xuZXfLuzs7u0fFA +P2jJOBaEtEvNYdH0sKWcRbSmmOO0mguLQ57TjT67mfueeCsni6 E5NE+qFeBSxgBGstHRb9i8GxZJl1t1qtVJFlmlZl45T06Red13b RrZW5ijBCs1B8b0/jEka0kgRjqXs2U6ivAwLxQins0I/lTTBZIJ HtKdphEMqvWxx6gyda2WIgljoihRaqN8nMhxKOQ193RliNZa/vb n4l9dLVeB6GYuSVNGILBcFKUcqRvO/0ZAJShSfaoKJYPpWRMZYY KJ0OgUdwten6H/Sdky7Yjo3TqlxtoojDydwCmWwoQYNuIYmtIDA CB7gCZ4NbjwaL8brsjVnrGaO4QeMt08D2Y2J</latexit>
U+V
<latexit sha1 _base64="peMUJgxqqFaqHDg1B gpeeCQWcVM=">AAAB6nicdVDL SsNAFL3xWeur6tLNYBXqJiSpk nZXcOOyon1AG8pkOmmHTiZhZiK U0k9w40IRt36RO//G6UNQ0QMX Dufcy733hClnSjvOh7Wyura+sZ nbym/v7O7tFw4OmyrJJKENkvB EtkOsKGeCNjTTnLZTSXEcctoKR 1czv3VPpWKJuNPjlAYxHggWMY K1kW5L5LxXKDq26/kXfgU5drX q++6CVJ3yJXJtZ44iLFHvFd67/ YRkMRWacKxUx/VSHUyw1IxwOs 13M0VTTEZ4QDuGChxTFUzmp07R mVH6KEqkKaHRXP0+McGxUuM4N J0x1kP125uJf3mdTEeVYMJEmmk qyGJRlHGkEzT7G/WZpETzsSGY SGZuRWSIJSbapJM3IXx9iv4nT c92y7Z34xVrp8s4cnAMJ1ACF3y owTXUoQEEBvAAT/BscevRerFe F60r1nLmCH7AevsEHbuNmw==</ latexit>
@0.45
<latexit sha1 _base64="Mql2NPg95qS2CNGEP pPrQfArcwI=">AAAB7nicbVBN S8NAEJ3Ur1q/oh69LLaCF0MSF T0WvHisYD+gDWWz3bRLN5uwuxF K6I/w4kERr/4eb/4bt20O2vpg 4PHeDDPzwpQzpV332yqtrW9sbp W3Kzu7e/sH9uFRSyWZJLRJEp7 ITogV5UzQpmaa004qKY5DTtvh+ G7mt5+oVCwRj3qS0iDGQ8EiRr A2Uvui5jpX17W+XXUddw60Sry CVKFAo29/9QYJyWIqNOFYqa7np zrIsdSMcDqt9DJFU0zGeEi7hg ocUxXk83On6MwoAxQl0pTQaK7+ nshxrNQkDk1njPVILXsz8T+vm +noNsiZSDNNBVksijKOdIJmv6M Bk5RoPjEEE8nMrYiMsMREm4Qq JgRv+eVV0vId79LxH/xqvVbEU YYTOIVz8OAG6nAPDWgCgTE8wyu 8Wan1Yr1bH4vWklXMHMMfWJ8/ 6q6N4g==</latexit>
y
<latexit sha1 _base64="16BqUfGlZTGgASKa0 BgeCavRuJc=">AAAB6HicbVA9 SwNBEJ2LXzF+RS1tFqNgFe5io WXAxjIB8wHJEfY2c8mavb1jd08 IR36BjYUitv4kO/+Nm+QKTXww 8Hhvhpl5QSK4Nq777RQ2Nre2d4 q7pb39g8Oj8vFJW8epYthisYh VN6AaBZfYMtwI7CYKaRQI7ASTu 7nfeUKleSwfzDRBP6IjyUPOqL FS0x2UK27VXYCsEy8nFcjRGJS /+sOYpRFKwwTVuufVEuNnVBnOB M5K/VRjQtmEjrBnqaQRaj9bHD ojl1YZkjBWtqQhC/X3REYjradR YDsjasZ61ZuL/3m91IS3fsZlk hqUbLkoTAUxMZl/TYZcITNiagl littbCRtTRZmx2ZRsCN7qy+uk Xat619Vas1apX+RxFOEMzuEKP LiBOtxDA1rAAOEZXuHNeXRenHf nY9lacPKZU/gD5/MHc0GMmg== </latexit>
yX98
<latexit sha1_base64="tmVB czAHdNaNI0MDG7nuMhvU+hU=">AAAB63icbVBNS8NAEJ3Ur1q/q h69LFbBU0iqoseCF48V7Ae0oWy2m3bp7ibsboQS+he8eFDEq3/I m//GTZuDtj4YeLw3w8y8MOFMG8/7dkpr6xubW+Xtys7u3v5B9f CoreNUEdoiMY9VN8SaciZpyzDDaTdRFIuQ0044ucv9zhNVmsXy0 UwTGgg8kixiBJtc8tyr60G15rneHGiV+AWpQYHmoPrVH8YkFVQa wrHWPb+emCDDyjDC6azSTzVNMJngEe1ZKrGgOsjmt87QuVWGKIq VLWnQXP09kWGh9VSEtlNgM9bLXi7+5/VSE90GGZNJaqgki0VRyp GJUf44GjJFieFTSzBRzN6KyBgrTIyNp2JD8JdfXiXtuutfuvWHe q1xVsRRhhM4hQvw4QYacA9NaAGBMTzDK7w5wnlx3p2PRWvJKWaO 4Q+czx/H/o1P</latexit>
@0.25
<latexit sha1 _base64="ZNb6zyqOs54OkWj/W 31TG2GR0gg=">AAAB7nicbVBN S8NAEJ34WetX1aOXxVbwYkgio seCF48V7Ae0oWy2m3bp7ibsboQ S+iO8eFDEq7/Hm//GbZuDtj4Y eLw3w8y8KOVMG8/7dtbWNza3tk s75d29/YPDytFxSyeZIrRJEp6 oToQ15UzSpmGG006qKBYRp+1of Dfz209UaZbIRzNJaSjwULKYEW ys1L6seW5wXetXqp7rzYFWiV+ QKhRo9CtfvUFCMkGlIRxr3fWD1 IQ5VoYRTqflXqZpiskYD2nXUo kF1WE+P3eKzq0yQHGibEmD5urv iRwLrScisp0Cm5Fe9mbif143M /FtmDOZZoZKslgUZxyZBM1+RwO mKDF8YgkmitlbERlhhYmxCZVt CP7yy6ukFbj+lRs8BNV6rYijB KdwBhfgww3U4R4a0AQCY3iGV3h zUufFeXc+Fq1rTjFzAn/gfP4A 56KN4A==</latexit>
yXk8
<latexit sha1 _base64="yrKzdcvTjTQDrdWDL 23SQPjH0bA=">AAAB63icbVBN S8NAEJ34WetX1aOXxSp4CklE9 Fjw4rGC/YA2lM120y7d3YTdjVB C/4IXD4p49Q9589+4aXPQ1gcD j/dmmJkXpZxp43nfztr6xubWdm Wnuru3f3BYOzpu6yRThLZIwhP VjbCmnEnaMsxw2k0VxSLitBNN7 gq/80SVZol8NNOUhgKPJIsZwa aQPDe4HtTqnuvNgVaJX5I6lGg Oal/9YUIyQaUhHGvd84PUhDlWh hFOZ9V+pmmKyQSPaM9SiQXVYT 6/dYYurDJEcaJsSYPm6u+JHAut pyKynQKbsV72CvE/r5eZ+DbMm UwzQyVZLIozjkyCisfRkClKDJ9 agoli9lZExlhhYmw8VRuCv/zy KmkHrn/lBg9BvXFexlGBUziDS /DhBhpwD01oAYExPMMrvDnCeXH enY9F65pTzpzAHzifP8T0jU0= </latexit>
yX8
<latexit sha1 _base64="UuFJS+dRmin77WyTo 5teFtRVR+8=">AAAB6nicbVBN S8NAEJ3Ur1q/qh69LFbBU0gio seCF48V7Qe0oWy2m3bp7ibsboQ S+hO8eFDEq7/Im//GbZuDtj4Y eLw3w8y8KOVMG8/7dkpr6xubW+ Xtys7u3v5B9fCopZNMEdokCU9 UJ8KaciZp0zDDaSdVFIuI03Y0v p357SeqNEvko5mkNBR4KFnMCD ZWevDcq3615rneHGiV+AWpQYF Gv/rVGyQkE1QawrHWXT9ITZhjZ RjhdFrpZZqmmIzxkHYtlVhQHe bzU6fo3CoDFCfKljRorv6eyLHQ eiIi2ymwGellbyb+53UzE9+EO ZNpZqgki0VxxpFJ0OxvNGCKEsM nlmCimL0VkRFWmBibTsWG4C+/ vEpagetfusF9UKufFXGU4QRO4 QJ8uIY63EEDmkBgCM/wCm8Od16 cd+dj0Vpyiplj+APn8wdTtI0R </latexit>
yXd8
<latexit sha1 _base64="yvzL8PGTECf9P6aUa dIdfUTKJ1g=">AAAB63icbVBN S8NAEJ3Ur1q/qh69LFbBU0gqU o8FLx4r2A9oQ9lsN+3S3U3Y3Qg l9C948aCIV/+QN/+NmzYHbX0w 8Hhvhpl5YcKZNp737ZQ2Nre2d8 q7lb39g8Oj6vFJR8epIrRNYh6 rXog15UzStmGG016iKBYhp91we pf73SeqNIvlo5klNBB4LFnECD a55LmNm2G15rneAmid+AWpQYH WsPo1GMUkFVQawrHWfb+emCDDy jDC6bwySDVNMJniMe1bKrGgOs gWt87RpVVGKIqVLWnQQv09kWGh 9UyEtlNgM9GrXi7+5/VTE90GG ZNJaqgky0VRypGJUf44GjFFieE zSzBRzN6KyAQrTIyNp2JD8Fdf Xieduutfu/WHeq15UcRRhjM4h yvwoQFNuIcWtIHABJ7hFd4c4bw 4787HsrXkFDOn8AfO5w/MjY1S </latexit>
R
<latexit sha1 _base64="9ZptnZzj2IXdRkENz P30QhNDKbY=">AAAB6HicbVA9 SwNBEJ2LXzF+RS1tFqNgFe5io WXAxjIB8wHJEfY2c8mavb1jd08 IR36BjYUitv4kO/+Nm+QKTXww 8Hhvhpl5QSK4Nq777RQ2Nre2d4 q7pb39g8Oj8vFJW8epYthisYh VN6AaBZfYMtwI7CYKaRQI7ASTu 7nfeUKleSwfzDRBP6IjyUPOqL FS0xuUK27VXYCsEy8nFcjRGJS /+sOYpRFKwwTVuufVEuNnVBnOB M5K/VRjQtmEjrBnqaQRaj9bHD ojl1YZkjBWtqQhC/X3REYjradR YDsjasZ61ZuL/3m91IS3fsZlk hqUbLkoTAUxMZl/TYZcITNiagl littbCRtTRZmx2ZRsCN7qy+uk Xat619Vas1apX+RxFOEMzuEKP LiBOtxDA1rAAOEZXuHNeXRenHf nY9lacPKZU/gD5/MHdMWMmw== </latexit>
y
<latexit sha1 _base64="16BqUfGlZTGgASKa0 BgeCavRuJc=">AAAB6HicbVA9 SwNBEJ2LXzF+RS1tFqNgFe5io WXAxjIB8wHJEfY2c8mavb1jd08 IR36BjYUitv4kO/+Nm+QKTXww 8Hhvhpl5QSK4Nq777RQ2Nre2d4 q7pb39g8Oj8vFJW8epYthisYh VN6AaBZfYMtwI7CYKaRQI7ASTu 7nfeUKleSwfzDRBP6IjyUPOqL FS0x2UK27VXYCsEy8nFcjRGJS /+sOYpRFKwwTVuufVEuNnVBnOB M5K/VRjQtmEjrBnqaQRaj9bHD ojl1YZkjBWtqQhC/X3REYjradR YDsjasZ61ZuL/3m91IS3fsZlk hqUbLkoTAUxMZl/TYZcITNiagl littbCRtTRZmx2ZRsCN7qy+uk Xat619Vas1apX+RxFOEMzuEKP LiBOtxDA1rAAOEZXuHNeXRenHf nY9lacPKZU/gD5/MHc0GMmg== </latexit>
a
<latexit sha1_base64="FVTk 8ndZ0GXhgxKhRoOhqqxSv6U=">AAAB6HicbVBNS8NAEJ3Ur1q/q h69LFbBU0mqoMeCF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/J m//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+f CoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem 0mCfkSHkoecUWOlJu2XK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTV uuvVEuNnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzol51YZkDBWtqQ hc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IQ3fsZlkhqUbLEoTAUxMZ l9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6l9Va86pSP 8vjKMIJnMIFeHANdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AH zucPviWMzQ==</latexit>
r
<latexit sha1 _base64="ASgUeWM4SxNxPcXg0 e36ca/YURo=">AAAB6HicbVBN S8NAEJ3Ur1q/qh69LFbBU0mqo MeCF48t2FpoQ9lsJ+3azSbsboQ S+gu8eFDEqz/Jm//GbZuDtj4Y eLw3w8y8IBFcG9f9dgpr6xubW8 Xt0s7u3v5B+fCoreNUMWyxWMS qE1CNgktsGW4EdhKFNAoEPgTj2 5n/8IRK81jem0mCfkSHkoecUW OlpuqXK27VnYOsEi8nFcjR6Je /eoOYpRFKwwTVuuvVEuNnVBnOB E5LvVRjQtmYDrFrqaQRaj+bHz ol51YZkDBWtqQhc/X3REYjrSdR YDsjakZ62ZuJ/3nd1IQ3fsZlk hqUbLEoTAUxMZl9TQZcITNiYgl littbCRtRRZmx2ZRsCN7yy6uk Xat6l9Va86pSP8vjKMIJnMIFe HANdbiDBrSAAcIzvMKb8+i8OO/ Ox6K14OQzx/AHzucP1+mM3g== </latexit>
•
•
•
• •
•
•
•
U#V
<latexit sha1_base64="jqXT MJX6NtEdjCPsVqHDkcanouA=">AAAB6nicdVDJSgNBEK2JW4xb1 KOXxijEyzAzIWZyC3jxGNEskAyhp9OTNOlZ6O4RwpBP8OJBEa9+ kTf/xs4iqOiDgsd7VVTV8xPOpLKsDyO3tr6xuZXfLuzs7u0fFA +P2jJOBaEtEvNYdH0sKWcRbSmmOO0mguLQ57TjT67mfueeCsni6 E5NE+qFeBSxgBGstHRb9i8GxZJl1t1qtVJFlmlZl45T06Red13b RrZW5ijBCs1B8b0/jEka0kgRjqXs2U6ivAwLxQins0I/lTTBZIJ HtKdphEMqvWxx6gyda2WIgljoihRaqN8nMhxKOQ193RliNZa/vb n4l9dLVeB6GYuSVNGILBcFKUcqRvO/0ZAJShSfaoKJYPpWRMZYY KJ0OgUdwten6H/Sdky7Yjo3TqlxtoojDydwCmWwoQYNuIYmtIDA CB7gCZ4NbjwaL8brsjVnrGaO4QeMt08D2Y2J</latexit>
U+V
<latexit sha1_base64="peMU JgxqqFaqHDg1BgpeeCQWcVM=">AAAB6nicdVDLSsNAFL3xWeur6 tLNYBXqJiSpknZXcOOyon1AG8pkOmmHTiZhZiKU0k9w40IRt36R O//G6UNQ0QMXDufcy733hClnSjvOh7Wyura+sZnbym/v7O7tFw 4OmyrJJKENkvBEtkOsKGeCNjTTnLZTSXEcctoKR1czv3VPpWKJu NPjlAYxHggWMYK1kW5L5LxXKDq26/kXfgU5drXq++6CVJ3yJXJt Z44iLFHvFd67/YRkMRWacKxUx/VSHUyw1IxwOs13M0VTTEZ4QDu GChxTFUzmp07RmVH6KEqkKaHRXP0+McGxUuM4NJ0x1kP125uJf3 mdTEeVYMJEmmkqyGJRlHGkEzT7G/WZpETzsSGYSGZuRWSIJSbap JM3IXx9iv4nTc92y7Z34xVrp8s4cnAMJ1ACF3yowTXUoQEEBvAA T/BscevRerFeF60r1nLmCH7AevsEHbuNmw==</latexit>
UV
<latexit sha1_base64="bn4u frsIMsr6Dnqs5xs0DK7RrS0=">AAAB6nicdVDJSgNBEK2JW4xb1 KOXxijEy9AzMSS5Bbx4jGgWSIbQ0+kkTXoWunuEMOQTvHhQxKtf 5M2/sbMIKvqg4PFeFVX1/FhwpTH+sDJr6xubW9nt3M7u3v5B/v CopaJEUtakkYhkxyeKCR6ypuZasE4sGQl8wdr+5Grut++ZVDwK7 /Q0Zl5ARiEfckq0kW6L5KKfL2C7VsOXZRdhu4zdioMNwSW3Wqsi x8YLFGCFRj//3htENAlYqKkgSnUdN9ZeSqTmVLBZrpcoFhM6ISP WNTQkAVNeujh1hs6NMkDDSJoKNVqo3ydSEig1DXzTGRA9Vr+9uf iX1030sOqlPIwTzUK6XDRMBNIRmv+NBlwyqsXUEEIlN7ciOiaSU G3SyZkQvj5F/5OWazsl271xC/WzVRxZOIFTKIIDFajDNTSgCRRG 8ABP8GwJ69F6sV6XrRlrNXMMP2C9fQLt4Y16</latexit>
@0.45
<latexit sha1_base64="Mql2 NPg95qS2CNGEPpPrQfArcwI=">AAAB7nicbVBNS8NAEJ3Ur1q/o h69LLaCF0MSFT0WvHisYD+gDWWz3bRLN5uwuxFK6I/w4kERr/4e b/4bt20O2vpg4PHeDDPzwpQzpV332yqtrW9sbpW3Kzu7e/sH9u FRSyWZJLRJEp7ITogV5UzQpmaa004qKY5DTtvh+G7mt5+oVCwRj 3qS0iDGQ8EiRrA2Uvui5jpX17W+XXUddw60SryCVKFAo29/9QYJ yWIqNOFYqa7npzrIsdSMcDqt9DJFU0zGeEi7hgocUxXk83On6Mw oAxQl0pTQaK7+nshxrNQkDk1njPVILXsz8T+vm+noNsiZSDNNBV ksijKOdIJmv6MBk5RoPjEEE8nMrYiMsMREm4QqJgRv+eVV0vId7 9LxH/xqvVbEUYYTOIVz8OAG6nAPDWgCgTE8wyu8Wan1Yr1bH4vW klXMHMMfWJ8/6q6N4g==</latexit>
y
<latexit sha1_base64="16Bq UfGlZTGgASKa0BgeCavRuJc=">AAAB6HicbVA9SwNBEJ2LXzF+R S1tFqNgFe5ioWXAxjIB8wHJEfY2c8mavb1jd08IR36BjYUitv4k O/+Nm+QKTXww8Hhvhpl5QSK4Nq777RQ2Nre2d4q7pb39g8Oj8v FJW8epYthisYhVN6AaBZfYMtwI7CYKaRQI7ASTu7nfeUKleSwfz DRBP6IjyUPOqLFS0x2UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTV uufVEuNnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojl1YZkjBWtqQ hC/X3REYjradRYDsjasZ61ZuL/3m91IS3fsZlkhqUbLkoTAUxMZ l/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukXat619Vas1apX +RxFOEMzuEKPLiBOtxDA1rAAOEZXuHNeXRenHfnY9lacPKZU/gD 5/MHc0GMmg==</latexit>
yX98
<latexit sha1_base64="tmVB czAHdNaNI0MDG7nuMhvU+hU=">AAAB63icbVBNS8NAEJ3Ur1q/q h69LFbBU0iqoseCF48V7Ae0oWy2m3bp7ibsboQS+he8eFDEq3/I m//GTZuDtj4YeLw3w8y8MOFMG8/7dkpr6xubW+Xtys7u3v5B9f CoreNUEdoiMY9VN8SaciZpyzDDaTdRFIuQ0044ucv9zhNVmsXy0 UwTGgg8kixiBJtc8tyr60G15rneHGiV+AWpQYHmoPrVH8YkFVQa wrHWPb+emCDDyjDC6azSTzVNMJngEe1ZKrGgOsjmt87QuVWGKIq VLWnQXP09kWGh9VSEtlNgM9bLXi7+5/VSE90GGZNJaqgki0VRyp GJUf44GjJFieFTSzBRzN6KyBgrTIyNp2JD8JdfXiXtuutfuvWHe q1xVsRRhhM4hQvw4QYacA9NaAGBMTzDK7w5wnlx3p2PRWvJKWaO 4Q+czx/H/o1P</latexit>
@0.25
<latexit sha1_base64="ZNb6 zyqOs54OkWj/W31TG2GR0gg=">AAAB7nicbVBNS8NAEJ34WetX1 aOXxVbwYkgioseCF48V7Ae0oWy2m3bp7ibsboQS+iO8eFDEq7/H m//GbZuDtj4YeLw3w8y8KOVMG8/7dtbWNza3tks75d29/YPDyt FxSyeZIrRJEp6oToQ15UzSpmGG006qKBYRp+1ofDfz209UaZbIR zNJaSjwULKYEWys1L6seW5wXetXqp7rzYFWiV+QKhRo9CtfvUFC MkGlIRxr3fWD1IQ5VoYRTqflXqZpiskYD2nXUokF1WE+P3eKzq0 yQHGibEmD5urviRwLrScisp0Cm5Fe9mbif143M/FtmDOZZoZKsl gUZxyZBM1+RwOmKDF8YgkmitlbERlhhYmxCZVtCP7yy6ukFbj+l Rs8BNV6rYijBKdwBhfgww3U4R4a0AQCY3iGV3hzUufFeXc+Fq1r TjFzAn/gfP4A56KN4A==</latexit>
yXk8
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Figure 10: Cyclic folded-node bursting cases. We use a polar-coordinates formulation in order to
construct idealized models. The top panels show the slow-fast dissection for the amplitude r of the
underlying bursting model, with three different torus canard scenarios (a), (b) and (c). Adding
a slow dynamics on parameter a yields associated cyclic folded-node bursting scenarios for which
we show both the slow-fast dissection in the (a, r) plane and the x time series : (a) initiated by a
subcritical Hopf bifurcation; (b) terminated by a fold of cycles; (c) initiated by a fold of cycles.
emphasising that its key feature corresponds to a canard explosion within a fast oscillatory motion.
Instead of following slowly a family of equilibria past a fold bifurcation, the fast-oscillating system
follows slowly a family of equilibria past a cyclic fold bifurcation. Moreover, one can draw a parallel
between classical canards and torus canards in their role of transitional regime in neuronal dynamics:
classical canards can explain the rapid transition from rest to the spiking regime, likewise torus
canards can explain the rapid transition from the spiking to the bursting regime. Furthermore,
torus canards are also not robust and only exist within exponentially thin parameter regions. Thus,
the very same idea that leads from canard point to folded singularities, can lead from torus canard
to cyclic folded-node canards, when adding a second slow variable. In this way, a cyclic folded-
node can be robust even if the torus canards are not robust. This has been proposed very recently
by Vo and collaborators [55, 57] via a specific example that links the resulting dynamics to the
amplitude-modulated bursting already mentioned in [29, 31]; see also [24] for other examples of
amplitude-modulated bursting. In summary, we herein propose a taxonomy of cyclic folded-node
bursting patterns, with several numerical examples, which completes our extension of the previous
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Figure 11: An example of a folded-node and cyclic folded-node bursting case. The x-times series
of the folded-node / cyclic folded-node bursting solution is shown; panel (b) is a zoom of panel (a)
near the folded node.
bursting classifications. We complement this with few examples of idealized models displaying
cyclic-folded-node bursting. This is achieved by considering systems expressed in polar form, in
which case the condition for cyclic folded node and then for cyclic folded-node bursting reduce to
folded-node conditions on r; see Figure 10. In general, it is possible to reduce the system locally
near the cyclic fold bifurcation of the fast subsystem enabling the computation of normal form
coefficients (see [47, 46, 57, 55]) that effectively characterise the cyclic folded-node. However, the
bursting conditions have not been established in general. Finally, for sake of completeness, we
construct a limiting case of a non-trivial system that displays both classical folded-node bursting
and cyclic-folded-node bursting, as depicted in Figure 11.
4 Conclusion and perspectives
The research topic of mathematical classification of bursting patterns was initiated with seminal
papers published in the mid 1980s with three proposed classes of bursting oscillations [42, 43, 44].
The key idea of comparing the fast subsystem’s bifurcation diagram and the full systems’ dynamics
may seem natural with hindsight, but in fact it was a genuine breakthrough, which shaped the way
bursting oscillations have been modelled and dissected ever since. The present manuscript follows
these footsteps, as well as those of the subsequent contributors on this topic [6, 19, 27], hence it was
important to review in detail these results since they form one pilar of Mathematical Neuroscience
but also have impact in other fields. We then take a step forward by proposing an extension of
the classification scheme, which allows to cover more types of burster systems, in particular those
with two slow variables, namely folded-node bursters. What we propose is a conceptual framework
which does not pretend to full mathematical rigour (i.e. theorem derivations since its beyond the
focus of the paper) but rather it aims to provide key insights that will enable further theoretical
and modelling work on the vast question of bursting. The extended bursting classification crucially
focuses on the dynamics during the silent phase where the termination of the trajectory profile is not
just a simple rise over the fold of the critical manifold but can involve subthreshold oscillations. We
emphasize the importance of the slow flow in slow-fast systems with (at least) two slow variables,
which was somehow previously overlooked in the context of bursting. In such two-slow-variable
bursting systems, the silent phase termination is due to the presence of folded node. This scenario is
known to give rise to canard solutions that organise, upon parameter variation but also, transiently,
upon change of initial conditions, the number of subthreshold oscillations. This slow cycle-adding
phenomenon is indeed entirely due to canards and it controls the profile of the underlying bursting
oscillations. Importantly, it does so in a robust manner in the sense that such bursting patterns
with subthreshold oscillations exist over order one ranges of parameter values. Therefore, we have
added to the state-of-the-art classifications of bursting patterns the cases of classical and cycle
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folded-node bursters, which we can summarise in 1 below. We also propose a few more cases to the
existing classifications (refer to Appendix A), which to the best of our knowledge, have not been
reported before.
aaaaaaaaaaa
Initiation
of the burst
Termination
of the burst codim. 1 bif.
of cycles
cyclic fn classical fn
classical fn 3, [12] 3 [56]+1 slow var.
codim. 1 bif. equilibria [27, 42] 3, [57] [56]
codim. 1 bif. cycles [27, 42] 3 [56]
cyclic fn 3 modify Fig. 10 (b) 3
Table 1: Extended classification of bursting patterns.
Where do we go from here? Following this initial framework for folded-node bursting, it will
be important to develop this approach in the context of biophysical excitable cell models with
more than one slow processes. To this extent, a very interesting question for follow-up work is
to rethink about folded-node bursting dynamics from a biophysical modelling viewpoint. In all
our idealized models of folded-node bursting, we have added feedback terms in the second slow
differential equation with both positive and negative coefficients, which tends to indicate that both
positive and negative feedback loops are useful to produce the desired output behaviour. In this
context, we hight two interesting aspects associated with the experimental time-series that we
attempted to model with our idealized model (folded-node bursting) reproduced in Figs. 4 and 6.
First, the subthreshold oscillations appear to be following the excitability threshold, which may
be harder to obtain in a three-dimensional model, even though some elliptic bursting models –e.g.
FitzHugh-Rinzel, Morris-Lecar as well as some MMO models– could potentially reproduce this
aspect. However, these elliptic bursting models cannot capture the second aspect. Note that our
example of folded-node bursting has 3 time scales; this was done for convenience in the construction
and may not be absolutely necessary. Second, the burst phase is located on a plateau (in terms of
neuronal membrane potential values) compared to the quiescent phase, which is reminiscent of a
square-wave type bursting. Indeed our idealized folded-node bursting model reproduces quite well
these data and in fact it can effectively be designated as a folded-node homoclinic bursting model.
Three-dimensional elliptic bursting models, or MMO models, would not be able to capture this
aspect. One interesting possibility to find biophysical models with folded-node bursting dynamics
is perhaps via existing models of thalamic bursting, or alternatively to extend these models to
explain the observational data published in [48]. In terms of application to neural dynamics, it
is legitimate to ask about neural coding and the implications of folded-node dynamics within a
bursting regime. There, one would want to compare spike-adding to folded-node cycle-adding. The
cycle adding can quantize the slow phase duration which might have significant effect on silent
phase (and therefore on active phase) durations. On the other hand, spike-adding has less impact
on macroscopic timing and less impact if a spike is added to a burst of several, say, 6 or more, spikes.
A single spike added in a 2-4 spike burst might have coding contributions (synaptic transmission)
but less so if there are already more than 6 spikes in a burst. These questions go beyond the scope
of the present paper but are certainly of direct interest for follow-up work. On the theoretical
side, as aforementioned we do not claim to have reached mathematical rigour but rather to have
introduced a new framework for analysing bursting oscillations with two slow variables. There are
clearly several open avenues for rigorous theorem-driven directions to be explored. For instance,
we have elucidated how to construct a singular orbit that will perturb to a folded-node bursting
orbit, but, proving this perturbation result is not immediate. In general, proving rigorously the
existence of canards in this 4D context and how both 3D parts (subthreshold and superthreshold)
combine to organise the global dynamics require non-trivial mathematical analysis.
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Figure 12: (a1)-(b1): “SubHopf/Transcritical of cycles” bursting in the system: x˙ = −y − x(1 −
r2)(1 + I − r2), y˙ = x − y(1 − r2)(1 + I − r2), I˙ = ε(r − α), with r =
√
x2 + y2 and α = 0.5.
(a2)-(b2): “SubHopf/Pitchfork of cycles” bursting in the system: x˙ = −y+x(1−r2)(I− (r2−1)2),
y˙ = x+ y(1− r2)(I − (r2 − 1)2), I˙ = ε(α− r), with r =
√
x2 + y2 and α = 0.5.
The question of noise is also a natural one to consider. If small to moderate noise is added to
a folded-node bursting systems, it is likely that noise will not affect significantly the burst phase.
However, it is expected that the phase of spiking oscillations during the burst will be affected, but
not the qualitative dynamics. Folded-node dynamics is known to be robust to noise, its time course
is parametrically robust and noise-tolerant. The canard phenomenon accounts for subtle dynamic
features like cycle-adding however the subthreshold oscillations near a folded node are robust.
The noise will affect these subthreshold oscillations by modifying the rotation sector in which the
trajectory falls into from one passage to the the next, however the oscillations will remain. To
quantify this variability of the sector of a folded-node burster with noise, one could use results by
Berglund et al. [5]. However, here as well the qualitative dynamics and the key role of the slow
subsystem and its folded node will remain. A rigorous understanding of the impact of noise on a
folded-node burster model is certainly an interesting question that goes beyond the scope of the
present work.
Finally, the question of bursting dynamics with at least two slow variables and more than two
timescales is also of interest and related to the present work. As aforementioned, in the limit of
folded-saddle-node singularities, small subthreshold oscillations will remain and increase in number
and shape. In the context of slow-fast systems with two slow variables, this scenario is well-known
to be akin to three-timescale dynamics [33]. The associated bifurcation structure is already involved
in the three-dimensional setup, with involvement of adding organizing centers such as singular Hopf
bifurcation points [21]. Thus, it is to be expected that the folded-saddle-node bursting profiles will
be more rich and complex to fully describe than the folded-node bursting cases presented herein.
Yet, the underlying robust mechanism that gives a bursting pattern and requires the analysis of
both slow and fast subsystem will be similar as the one proposed in the present work. A full analysis
of this limiting case is a very interesting and natural question for future work. Besides, bursting
systems with more than two timescales have recently gained further interest in link with canard
solutions [13, 34, 35, 39], where the additional timescales bring more structure to the system and
allow for further geometric singular perturbation analysis. Such approaches would certainly shed
further light onto folded-node bursting dynamics as presented here and we regard it as a natural
and interesting question for future work.
A Novel bursting cases in the state-of-the-art classification scheme
Noteworthy, researchers have been challenged over the recent years to provide an exhaustive list
of models (both idealized and biophysical) that complete the bursting classification list predicted
by the state-of-the-art classifications. This challenge is driven by the wealth of novel experimental
data showing time-series predicted by the state-of-the-art classifications but for which no model has
yet been implemented. Thus before moving towards the new classification framework for bursting
oscillations, we asked the question if there are bursting scenarios predicted by the Rinzel-Izhikevich
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Figure 13: The constructed system has the following equations: r′ = 2r(0.01− (r − c)4 + α2((r −
b)2 − I2)), I ′ = ε(r − k) with the following parameter values: c = 0.8, α = 0.5, b = 0.8, ε = 10−4
and varying k for different configurations. (a1)-(d1): (k = 0.9) “Fold of cycles/fold of cycles”
Isola bursting. The underlying fast subsystem bifurcation branch lies on an isola. (a2)-(d2):
(k ≈ 0.79996867364) Headless torus canard on the limit cycle branch leading to isola bursting
orbit. (a3)-(d3): (k ≈ 0.79996867364) Torus canard with head on the limit cycle branch leading
to isola bursting orbit. Lower panels show the envelope of the bursting cycle plotted on the upper
panels, with r2 = x2 + y2.
and Bertram-Golubitsky classification system but which have not yet been implemented (i.e. to
the best of our knowledge uncharted within the literature). Indeed, we identified a few cases in
the literature and also constructed our own novel idealized models but by no means this implies
we have finally exhausted all cases predicted by state-of-the-art classifications. Specifically, the
examples that we have managed to construct involve systems that have either one slow variable or
two slow variables, which are discussed subsequently.
A.1 Novel bursting cases with one slow variable
We begin by listing all the cases we have identified in the literature as recent novel bursting models
that possess one main slow variable and, hence, rely upon bistability of the fast subsystem. Recently,
a biophysical β-cell model was proposed by Yildirim et al. [60], where for the first time they were
able to present the construction of a model whereby the second bifurcation (of the fast subsystem)
that controls the termination of the burst is a period-doubling bifurcation. Also recently, Han et
al. [23] derived a number of new cases in which the bursting oscillations is initiated via a transcritical
bifurcation of equilibria or through a pitchfork bifurcation of equilibria. We subsequently propose
three new cases, which to the best of our knowledge have not been reported in the literature,
neither in biophysical models nor in idealized models. These cases involve, transcritical bifurcation
of cycles, pitchfork bifurcation of cycles and isola of limit cycles in the fast subsystem mediating
bursting cycles in the full 3D system. For the first two cases, we implement idealized models by first
considering a normal form of transcritical and pitchfork bifurcation written in terms of the radius
r of the corresponding cycles of the fast subsystem. To this end, we write the polar-coordinate
version of the fast subsystem and then derive from it the cartesian coordinate equations for x and
y. Finally, we append to each (x, y) system a simple slow equation allowing for a periodic passage
through a bistable region of the fast subsystem. These new models are depicted in Fig. 12, where
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aaaaaaaaaaa
Initiation
of the burst
Termination
of the burst pitchfork
cycles
transcritical
cycles
fold of cycles
on isola
subcritical Hopf 3 3
fold of cycles on isola 3
Table 2: New bursting cases within the state-of-the-art classification.
panels (a1)-(b1) is the transcritical case and panels (a2)-(b2) correspond to the pitchfork case.
As in previous figures, the left panels show the classical slow-fast dissection and the projection of
the bursting cycle of the full system onto the bifurcation diagram of the fast subsystem; the right
panels show the corresponding time series of this bursting cycle for the fast variable x. The case
for isola bursting is an intriguing case. First recall that an isola refers to a bifurcation branch
of solutions that is closed and isolated in parameter space. These can correspond to families of
equilibria or limit cycles. Isolas are important objects well described by singularity theory [20] and
which also naturally appear, in the limit-cycle case, in multiple-timescale systems with at least three
variables; see for instance [10]. An isola (of equilibria or of limit cycles) has at least two fold points,
which correspond to saddle-node bifurcation points. However, one can imagine a more complicated
scenario where the isola has additional fold points (necessarily a multiple of 2). The unusual aspect
of a bursting oscillations via an isola is that the Rinzel-Izhikevich classification system classify a
bursting oscillation in the same way if it is either mediated via an isola or a regular bifurcation
solution branch. That is, the bifurcation points of the fast subsystem that encode the initiation and
termination of the bursts would be the same, but the underlying type of solution branches would
be invisible to the classification. The is a contentious point (or perhaps not so critical depending on
the point of view), but there could be scenarios where from a biophysical point of view, it is crucial
to consider isola as also part of the explanatory arguments to explain an underlying experimental
observation. Here we construct a system possessing an isola of limit cycles with a total of six
fold points around it (see Figures 13). The construction of the model follows the same strategy
as before, whereby we start by first writing the system in terms of polar-coordinate system and
only the equation for the radius r is non trivial. Subsequently, we add a simple slow equation
with feedback onto one of the two fast variables, which then induces bursting cycles that move,
in the slow-fast dissection sense, along the isola of cycles previously described. Note, the stability
along this isola changes through these fold points (see the left panels of Figures 13). Moreover, the
isola is the critical manifold of this bursting system and we choose to denote the resulting bursting
pattern as isola bursting. We re-emphasise, this bursting pattern is not entirely new per se since
it falls into the “fold cycle / fold cycle” case of Izhikevich’s classification [27]. However, the two
fold bifurcations of cycles of the fast subsystem happen to lie on an isola and indeed this is the
novelty of this scenario; see Fig. 13. This bursting pattern can be seen as an amplitude-modulated
bursting [31, 57] and it appears through a torus canard [8] phenomenon when varying a parameter
that controls the slow nullcline. In particular, two (non-robust) isola bursting canard scenarios
occur on the way to the robust isola bursting scenario shown in Fig. 13 panels (a1)-(d1): namely,
(torus) canard isola bursting without head, in Fig. 13 (a2)-(d2), and (torus) canard isola bursting
with head, in Fig. 13 (a3)-(d3).
A.2 Novel bursting cases with two slow variables
We now turn attention to bursting models with two slow variables, but that nevertheless fall
under the state-of-the art classification. To the best of our knowledge we find in the literature two
principle mechanisms. The first case is the so-called parabolic bursting, which was in fact discovered
by Rinzel [43, 44]. This is a special case whereby that both the initiation and termination of the
bursting oscillation is mediated by SNIC bifurcations of the fast subsystem. The fast subsystem
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Figure 14: “Transcritical of equilibria/Hopf” bursting with two slow variables: same signature
but amplitude modulation during the burst. The model we used for this simulation is: x˙ =
(x− k)(y− βx4 + 3x2 + I2)/c, y˙ = 1− 5x2− y, with: c = 4, β = 0.3, k = −1, ε = 0.001 and (I1, I2)
being a slow harmonic oscillator of speed ε centered at (0, 2) and of amplitude µ =
√
10.
does not possess bistability and the underlying bursting oscillations are not driven by hysteresis but
rather the two slow variables produce a slow oscillations between themselves, which then drives the
full system from one side of the curve of SNIC bifurcation points to the other. The second scenario
considered in the literature is the more intuitive case, whereby the fast subsystem is bistable [50].
This is in fact similar to the case of systems with only a single slow variable, however, in this model
the second variable does not introduce further complex dynamics. Rather, the bifurcations of the
fast subsystem are extended (via the second slow variable) to a line of bifurcations. Specifically,
in the model developed in [50] two cases are presented. One case illustrates how a bursting cycle
is initiated via a line of fold bifurcation points and terminates via a line of homoclinic bifurcation
points. In the alternative example, the bursting cycle also initiates via a line of fold bifurcation
points but terminates through a family of Hopf bifurcations. We further propose a novel bursting
scenario with two slow variables that also falls under the state-of-the art classification. The first
point to notice is that could potentially consider a second slow variable that is capable of slow
modulating the fast dynamics during the burst. This strategy can potentially prove useful in some
modelling contexts where a hidden slow modes may act upon the fast dynamics by modulating
its amplitude. To show this concept we construct an example whereby the the fast subsystem is
bistable and the bifurcation of the fast subsystem that initiates the burst is a line of transcritical
bifurcation of equilbria. Thus a slow passage through it, will cause a delayed exchange of stability
hence containing a canard segment. Moreover, a line of Hopf bifurcation points terminates the burst.
This models construction follows very closely the concepts developed in [23], however therein they
only considered one slow variable. In contrast we consider a second slow variable and prescribe a
dynamics (in our case harmonic oscillations), which then induces a slow modulation of the amplitude
of the bursting oscillations (see Fig. 14). Similar behaviour can be found in three-dimensional
bursters (e.g. square-wave or elliptic) where one considers an additional slow process so that both
slow variables oscillate together. We close this section by summarising in Table 2 the new cases
that we have constructed. In blue we indicate the bifurcation of the bursting pattern that is novel.
Note that for the second bifurcation of the fast subsystem we chose to implement a subcritical Hopf
bifurcation, but it is to be expected that similar bursting patterns can be found and/or constructed
with any other codimension-one bifurcation instead. Finally, we do not include within this table
our example of two-slow-variable burster (or variants of it) since the second slow variable does not
change the signature of the bursting but only allows for a slow amplitude-modulation during the
burst.
25
Acknowledgements
SR would like to acknowledge Ikerbasque (The Basque Foundation for Science) and moreover, this
research is supported by the Basque Government through the BERC 2018-2021 program and by
the Spanish State Research Agency through BCAM Severo Ochoa excellence accreditation SEV-
2017-0718 and through project RTI2018-093860-B-C21 funded by (AEI/FEDER, UE) and acronym
“MathNEURO”.
References
[1] E. V. Appleton and B. van der Pol. XVI. on a type of oscillation-hysteresis in a simple triode
generator. The London, Edinburgh, and Dublin Philosophical Magazine and Journal of Science,
43(253):177–193, 1922.
[2] G Nicholas Benes, Anna M Barry, Tasso J Kaper, Mark A Kramer, and John Burke. An
elementary model of torus canards. Chaos, 21(2):023131, 2011.
[3] Eric Benoˆıt. Canards et enlacements. Publications Mathe´matiques de l’Institut des Hautes
E´tudes Scientifiques, 72(1):63–91, 1990.
[4] Eric Benoˆıt, Jean-Louis Callot, Francine Diener, and Marc Diener. Chasse au canard. Col-
lectanea Mathematica, 32(1-2):37–119, 1981.
[5] N. Berglund, B. Gentz, and C. Kuehn. Hunting french ducks in a noisy environment. Journal
of Differential Equations, 252(9):4786–4841, 2012.
[6] R. Bertram, M. J. Butte, T. Kiemel, and A. Sherman. Topological and phenomenological
classification of bursting oscillations. Bulletin of mathematical biology, 57(3):413–439, 1995.
[7] Morten Brøns, Martin Krupa, and Martin Wechselberger. Mixed mode oscillations due to
the generalized canard phenomenon. In Wayne Nagata and N. Sri Namachchivaya, editors,
Bifurcation theory and spatio-temporal pattern formation, volume 49 of Fields Institute Com-
munications, pages 39–63. American Mathematical Society and The Fields Institute, 2006.
[8] John Burke, Mathieu Desroches, Anna M Barry, Tasso J Kaper, and Mark A Kramer. A
showcase of torus canards in neuronal bursters. The Journal of Mathematical Neuroscience,
2(1):3, 2012.
[9] P. De Maesschalck and M. Wechselberger. Neural excitability and singular bifurcations. The
Journal of Mathematical Neuroscience (JMN), 5(1):16, 2015.
[10] M. Desroches, J. Guckenheimer, B. Krauskopf, C. Kuehn, H. M. Osinga, and M. Wechselberger.
Mixed-Mode Oscillations with Multiple Time Scales. SIAM Review, 54(2):211–288, January
2012.
[11] M. Desroches, A. Guillamon, E. Ponce, R. Prohens, S. Rodrigues, and A. E. Teruel. Canards,
folded nodes, and mixed-mode oscillations in piecewise-linear slow-fast systems. SIAM Review,
58(4):653–691, 2016.
[12] M. Desroches, T. J. Kaper, and M. Krupa. Mixed-mode bursting oscillations: Dynamics
created by a slow passage through spike-adding canard explosion in a square-wave burster.
Chaos, 23(4):046106, 2013.
[13] M. Desroches and V. Kirk. Spike-adding in a canonical three-time-scale model: superslow ex-
plosion and folded-saddle canards. SIAM Journal on Applied Dynamical Systems, 17(3):1989–
2017, 2018.
26
[14] M. Desroches, M. Krupa, and S. Rodrigues. Spike-adding in parabolic bursters: The role of
folded-saddle canards. Physica D: Nonlinear Phenomena, 331:58–70, 2016.
[15] Mathieu Desroches, Martin Krupa, and Serafim Rodrigues. Inflection, canards and excitability
threshold in neuronal models. Journal of Mathematical Biology, 67(4):989–1017, 2013.
[16] F. Dumortier, R. Roussarie, J. Sotomayor, and H. Zoladek. Bifurcations of planar vector fields:
nilpotent singularities and Abelian integrals, volume 1480 of Lecture Notes in Mathematics.
Springer-Verlag, 1991.
[17] Freddy Dumortier and Robert Roussarie. Canard cycles and center manifolds. In Memoirs of
the American Mathematical Society vol. 577. American Mathematical Society, 1996.
[18] Wiktor Eckhaus. Relaxation oscillations including a standard chase on french ducks. In Ferdi-
nand Verhulst, editor, Asymptotic Analysis II, volume 985 of Lecture Notes in Mathematics,
pages 449–497. Springer, 1983.
[19] M. Golubitsky, K. Josic, and T. J. Kaper. An unfolding theory approach to bursting in
fast-slow systems. In H. W. Broer, B. Krauskopf, and G. Vegter, editors, Global analysis of
dynamical systems, pages 277–308. IOP Publishing, 2001.
[20] Martin Golubitsky and David G Schaeffer. Singularities and Groups in Bifurcation Theory -
Volume I, volume 51 of Applied Mathematical Sciences. Springer-Verlag, 1985.
[21] J. Guckenheimer. Singular hopf bifurcation in systems with two slow variables. SIAM Journal
on Applied Dynamical Systems, 7(4):1355–1377, 2008.
[22] John Guckenheimer and Christian Kuehn. Computing slow manifolds of saddle type. SIAM
Journal on Applied Dynamical Systems, 8(3):854–879, 2009.
[23] Xiujing Han, Qinsheng Bi, Chun Zhang, and Yue Yu. Delayed bifurcations to repetitive spiking
and classification of delay-induced bursting. International Journal of Bifurcation and Chaos,
24(07):1450098, 2014.
[24] Xiujing Han, Mengke Wei, Qinsheng Bi, and Ju¨rgen Kurths. Obtaining amplitude-modulated
bursting by multiple-frequency slow parametric modulation. Physical Review E, 97(1):012202,
2018.
[25] E. S. Hedges and J. E. Myers. The Problem of Physico-chemical Periodicity. Arnold, London,
1926.
[26] James L Hindmarsh and RM Rose. A model of neuronal bursting using three coupled first
order differential equations. Proceedings of the Royal Society of London B: biological sciences,
221(1222):87–102, 1984.
[27] E. M. Izhikevich. Neural excitability, spiking and bursting. International Journal of Bifurcation
and Chaos, 10(06):1171–1266, 2000.
[28] E. M. Izhikevich. Dynamical Systems in Neuroscience: the Geometry of Excitability and Burst-
ing. Computational neuroscience. MIT Press, Cambridge, Mass, 2007. OCLC: ocm65400606.
[29] Eugene M Izhikevich. Synchronization of elliptic bursters. SIAM Review, 43(2):315–344, 2001.
[30] Z. Jian, J. L. Xing, G. S. Yang, and S. J. Hu. A novel bursting mechanism of type a neurons
in injured dorsal root ganglia. Neurosignals, 13(3):150–156, 2004.
[31] Mark A Kramer, Roger D Traub, and Nancy J Kopell. New dynamics in cerebellar purkinje
cells: torus canards. Physical Review Letters, 101(6):068103, 2008.
27
[32] M. Krupa and P. Szmolyan. Relaxation oscillation and canard explosion. Journal of Differential
Equations, 174(2):312–368, 2001.
[33] M. Krupa and M. Wechselberger. Local analysis near a folded saddle-node singularity. Journal
of Differential Equations, 248(12):2841–2888, 2010.
[34] Martin Krupa, Alexandre Vidal, Mathieu Desroches, and Fre´de´rique Cle´ment. Mixed-mode
oscillations in a multiple time scale phantom bursting system. SIAM Journal on Applied
Dynamical Systems, 11(4):1458–1498, 2012.
[35] Benjamin Letson, Jonathan E Rubin, and Theodore Vo. Analysis of interacting local oscillation
mechanisms in three-timescale systems. SIAM Journal on Applied Mathematics, 77(3):1020–
1046, 2017.
[36] Evgenii Frolovich Mishchenko, S Kolesov, Yu A Kolesov, and N Kh Rozov. Asymptotic methods
in singularly perturbed systems. Consultants Bureau, 1994.
[37] J. Mitry and M. Wechselberger. Folded saddles and faux canards. SIAM Journal on Applied
Dynamical Systems, 16(1):546–596, 2017.
[38] Catherine Morris and Harold Lecar. Voltage oscillations in the barnacle giant muscle fiber.
Biophysical Journal, 35(1):193–213, 1981.
[39] Pingyu Nan, Yangyang Wang, Vivien Kirk, and Jonathan E Rubin. Understanding and dis-
tinguishing three-time-scale oscillations: Case study in a coupled morris–lecar system. SIAM
Journal on Applied Dynamical Systems, 14(3):1518–1557, 2015.
[40] Jakub Nowacki, Hinke M Osinga, and Krasimira Tsaneva-Atanasova. Dynamical systems
analysis of spike-adding mechanisms in transient bursts. The Journal of Mathematical Neuro-
science, 2(1):7, 2012.
[41] Richard E Plant. Bifurcation and resonance in a model for bursting nerve cells. Journal of
Mathematical Biology, 11(1):15–32, 1981.
[42] J. Rinzel. Bursting oscillations in an excitable membrane model. In B. D. Sleeman and
R. J. Jarvis, editors, Ordinary and partial differential equations (Proceedings of the Eighth
Conference held at Dundee, Scotland, June 25-29, 1984), volume 1511 of Lecture Notes in
Mathematics, pages 304–316. Springer, 1985.
[43] J. Rinzel. A formal classification of bursting mechanisms in excitable systems. In International
Congress of Mathematicians, Berkeley, California, USA, August 3-11, 1986, volume II, pages
1578–1593. American Mathematical Society, 1987.
[44] J. Rinzel. A formal classification of bursting mechanisms in excitable systems. In E. Teramoto
and M. Yumaguti, editors, Mathematical topics in population biology, morphogenesis and neu-
rosciences (Proceedings of an International Symposium held in Kyoto, November 10-15, 1985),
volume 71 of Lecture Notes in Biomathematics, pages 267–281. Springer, 1987.
[45] M. Riz, M. Braun, and M. G. Pedersen. Mathematical modeling of heterogeneous electrophys-
iological responses in human β-cells. PLoS Computational Biology, 10(1):e1003389, 2014.
[46] Kerry-Lyn Roberts. Geometric Singular Perturbation Theory and Averaging: Analysing Torus
Canards in Neural Models. PhD thesis, School of Mathematics and Statistics, University of
Sydney, 2017.
[47] Kerry-Lyn Roberts, Jonathan E Rubin, and Martin Wechselberger. Averaging, folded singu-
larities, and torus canards: explaining transitions between bursting and spiking in a coupled
neuron model. SIAM Journal on Applied Dynamical Systems, 14(4):1808–1844, 2015.
28
[48] J. P. Roy, M. Clercq, M. Steriade, and M. Descheˆnes. Electrophysiology of neurons of lateral
thalamic nuclei in cat: mechanisms of long-lasting hyperpolarizations. Journal of Neurophys-
iology, 51(6):1220–1235, 1984.
[49] Maria Luisa Saggio, Andreas Spiegler, Christophe Bernard, and Viktor K Jirsa. Fast–slow
bursters in the unfolding of a high codimension singularity and the ultra-slow transitions of
classes. The Journal of Mathematical Neuroscience, 7(1):7, 2017.
[50] P. Smolen, D. Terman, and J. Rinzel. Properties of a bursting model with two slow inhibitory
variables. SIAM Journal on Applied Mathematics, 53(3):861–892, 1993.
[51] J. Tabak, M. Tomaiuolo, A. E. Gonzalez-Iglesias, L. S. Milescu, and R. Bertram. Fast-
activating voltage-and calcium-dependent potassium (bk) conductance promotes bursting in
pituitary cells: a dynamic clamp study. Journal of Neuroscience, 31(46):16855–16863, 2011.
[52] David Terman. Chaotic spikes arising from a model of bursting in excitable membranes. SIAM
Journal on Applied Mathematics, 51(5):1418–1450, 1991.
[53] B. Van der Pol. Lxxxviii. on “relaxation-oscillations”. The London, Edinburgh, and Dublin
Philosophical Magazine and Journal of Science, 2(11):978–992, 1926.
[54] B. Van Der Pol and J. Van Der Mark. Lxxii. the heartbeat considered as a relaxation oscilla-
tion, and an electrical model of the heart. The London, Edinburgh, and Dublin Philosophical
Magazine and Journal of Science, 6(38):763–775, 1928.
[55] Theodore Vo. Generic torus canards. Physica D, 356-357:37–64, 2017.
[56] Theodore Vo, Richard Bertram, and Martin Wechselberger. Multiple geometric viewpoints
of mixed mode dynamics associated with pseudo-plateau bursting. SIAM Journal on Applied
Dynamical Systems, 12(2):789–830, 2013.
[57] Theodore Vo, Mark A Kramer, and Tasso J Kaper. Amplitude-modulated bursting: A novel
class of bursting rhythms. Physical Review Letters, 117(26):268101, 2016.
[58] Martin Wechselberger. Existence and bifurcation of canards in R3 in the case of a folded node.
SIAM Journal on Applied Dynamical Systems, 4(1):101–139, 2005.
[59] Martin Wechselberger, John Mitry, and John Rinzel. Canard theory and excitability. In
Peter Kloeden and Christian Po¨tzsche, editors, Nonautonomous dynamical systems in the life
sciences, volume 2102 of Lecture Notes in Mathematics, pages 89–132. Springer, 2013.
[60] Vehpi Yildirim and Richard Bertram. Calcium oscillation frequency-sensitive gene regula-
tion and homeostatic compensation in pancreatic β-cells. Bulletin of Mathematical Biology,
79(6):1295–1324, 2017.
29
